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Abst ract : The“trial function method”( TFM for short ) and a routine way in finding

traveling wave solutions to some nonlinear partial differential equations ( PDE for short) wer

explained. Two types of evolution equations are studied , one is a generalized Burgers or

KdV equation , the other is the Fisher equation with special nonlinear forms of its reaction

rate term. One can see that this method is simple , fast and allowing further extension.

Key wor ds : trial function method ; nonlinear PDE; shock wave solution ; solitary wave

solution

CL C nu mbers : O175 ; O411 　　　Docu me nt code : A

1 　A Trial Fu nction a n d a Routi ne to Fi n d A nalytical Sol ution of Two Typ es

of Nonli nea r PD E

　　We treat the nonlinear evolution equation , which is formed by adding high order derivative

terms and nonlinear terms to the Burgers equation
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which p , q , n andαi ( i = 1 ,2 , ⋯, n) being parameters independent of x and t . Although these

equations [1 - 10 ] have been studying for decades , we have succeeded in some extension ,

particularly in the cases n = 3 , 4[11 and 12 ] and even n = 5 . We limit us to study the traveling

wave solution of Eq. (1) in the following form (trial function solution)

u = u0 +
Be bξ

(1 + e aξ) d , (2)

with u = u (ξ) , ξ = x - ct , u0 = 0 or u0 = c ± c2 + 2A ; where c , B , a , b , d and A

are constants to be determined.

First , we determined the exponent d by substituting Eq. ( 2) into Eq. ( 1) and partially

623

Applied Mathematics and Mechanics
( English Edition , Vol 22 , No 3 , Mar 2001)

Published by Shanghai University ,
Shanghai , China

Ξ Receive d dat e : 2000-05-08 ; Revise d dat e : 2000-11-26

Foundation it e m : the Key Project of National Natural Science Foundation of China (40035010) ;

the Special Fund of National Science and Technology Department ( Extraordinarily Serious Disaster)

Biograp hy : LIU Shi- kuo (1938 - ) , Professor , Supervisor of Ph D Candidate

© 1995-2003 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



equalizing the highest order derivative term and nonlinear term

d =
n - q

p + q - 1
. (3)

Next , one can select the constants c , B , a , b and A and determine the relation betweenαi by

substituting (3) into (1) and (2) and making some elementary manipulations . We mention that

in [10 ] d is chosen as 2 and we generalize it to other values . In the next sections , the trial

function and its corresponding solutions to two kinds of nonlinear evolution equations are

illustrated.

2 　The Sol utions to Nonli nea r Eq uation Comp ose d of De rivative Te r ms

Burgers , KdV , KdV-Burgers , Benney[13 ] equations can be generalized to the form
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+α52 u
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5 x3 +γ54 u
5 x4 + ⋯ = 0 , (4)

with p = 1 , q = 1 , so

d = n - 1 , (5)

with nth order derivative as the highest one .

(A) B urge rs e quation

5 u
5 t

+ u
5 u
5 x

+α52 u
5 x2 = 0 , (6)

then d = 1 , so its trial function is

u = u0 +
Be bξ

1 + e aξ　　( u0 = c + c2 + 2A) , (7)

with its corresponding solutions of the following two cases :

1) when b = 0 , B = - 2 c2 + 2A , a = c2 + 2A/α, its shock wave solution is written

as

u = c + c2 + 2Atanh
c2 + 2A

2α
ξ; (8)

　　2) when b = a , B = - 2 c2 + 2A , a = - c2 + 2A/α, the shock wave solution is just

the same as (8) .

(B) KdV e quation

5 u
5 t

+ u
5 u
5 x

+β53 u
5 x3 = 0 , (9)

then d = 2 , its trial function is

u = u0 +
Be bξ

(1 + e aξ) 2 　　( u0 = c - c2 + 2A) , (10)

when b = a , B = 12 c2 + 2A , a = c2 + 2A/β, its solitary wave solution is

u = c - c2 + 2A + 3 c2 + 2A sech2 c2 + 2A/βξ. (11)

　　( C) KdV-B urge rs e quation

5 u
5 t

+ u
5 u
5 x

+α52 u
5 x2 +β53 u

5 x3 = 0 , (12)

then d = 2 , its trial function can be written as
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u = u0 +
Be bξ

(1 + e aξ) 2 　　( u0 = c + c2 + 2A) . (13)

Actually , its two solutions can be written as :

1) when b = 0 , B = -
12α2

25β , a =
α
5β, c2 + 2A =

6α2

25β　(β > 0) , its solution is

u = c + c2 + 2A -
3α2

25β
(1 - tanh

α
10β

ξ) 2 ; (14)

　　2) when b = 2 a , the shock wave solution is just the same as (14) .
(D) Be nney e quation
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5 u
5 x

+α52 u
5 x2 +β53 u

5 x3 +γ54 u
5 x4 = 0 , (15)

then d = 3 , its trial function is with the following form

u = u0 +
Be bξ

(1 + e aξ) 3 　　( u0 = c + c2 + 2A) , (16)

from which the following solution can be got :

1) when b = 0 , the shock wave solution is of the following form

u = u0 +
15α

47 47

α
γ 1 + tanh

1

2 47

α
γξ

3

　　(α < 0 ,γ < 0) ,

u = u0 -
15α

47 47

α
γ 1 - tanh

1

2 47

α
γξ

3

　　(α > 0 ,γ > 0) .

(17)

under the condition that

β > 0 , 　β2 =
144αγ

47
; (18)

　　2) when b = a , the solitary wave solution is written as

u = u0 + 15α
α
γsech2 1

2
α
γξ 1 - tanh

1
2

α
γξ

　(α < 0 ,γ < 0) ,

u = u0 - 15α
α
γsech2 1

2
α
γξ 1 + tanh

1
2

α
γξ

　(α > 0 ,γ > 0)

(19)

under the condition that
β < 0 , 　β2 = 16αγ; (20)

　　3) when b = 2 a , the same results as (19) can be obtained.

Similarly , we can solve the equations when the highest derivative is of order 5. This is

partially accomplished , we omit here the long derivation.

3 　The Sol utions to a Ki nd of Reaction- Diff usion Equation or Fis he r Equation

We study the following reaction- diffusion equation

5 u
5 t

= ν52 u
5 x2 + f ( u) , (21)

whose nonlinear reaction term has the following four forms

f 1 ( u) = ku (1 - u) , (22)

　　　　　　　f 2 ( u) = ku (1 - um) 　　( m > 0) , (23)

　　　　　　　f 3 ( u) = ku (1 - u) ( u - r) 　(0 ≤ r ≤ 1
2

) , (24)
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and

f 4 ( u) = ku (1 - um) ( um - r) 　　(0 ≤ r ≤ 1
2

) . (25)

　　Substituting (2) into (21) and equalizing the diffusion term and the highest order nonlinear
term , we have

d =
2

p - 1
, (26)

with p to be the order of the highest order nonlinear term in Eq. (21) .
(A) When the reaction term is (22) , then p = 2 , d = 2 ; and thus the trial function of

Eq. (21) is

u =
Be bξ

[1 + e aξ]2 , (27)

its corresponding solutions are

1) when b = 0 , B = 1 , a =
c

5ν, c2 =
25
6

kν > 4 kν, the solution turns to be

u =
1

(1 + exp [ - cξ/ (5ν) ]) 2 =
1
2

1 - tanh
c

10ν
ξ

2

; (28)

　　2) when b = 2 a , B = 1 , a = -
c

5ν, c2 =
25
6

kν> 4 kν, the solution differs only by two

signs

u =
1

(1 + exp [ - cξ/ (5ν) ]) 2 =
1
2

1 + tanh
c

10ν
ξ

2

; (29)

　　3) when b = a , c = 0 , B = 6 , a = i
k
ν , it is a stationary solution

u =
3
2

sec2 k
4νx 　　 -

π
2

<
k

4νx <
π
2

. (30)

　　(B) When the reaction term is (23) , then p = m + 1 , d =
2
m

; the trial function of

Eq. (21) is of the following form

u =
Be bξ

[1 + e aξ]2/ m , (31)

its corresponding solutions are

1) when b = 0 , B = 1 , a2 =
km2

2 ( m + 2)ν, c =
3 km
2 a

　( c2 > 4 kν) , the solution is

u =
1

1 + exp ±m
kξ

2 ( m + 2)ν

1/ 2 2/ m =
1
2 1 º tanh

m
2

k
2 ( m + 2)νξ

2/ m

;

(32)

　　2) when mb = 2 a , B = 1 , a2 =
km2

2 ( m + 2)ν, c2 = ( m + 4) 2 kν
2 ( + 2)

( c2 > 4 kν) , the

solution becomes

u =
1

1 + exp ±m
kξ

2 ( m + 2)ν

1/ 2 2/ m =
1
2 1 º tanh

m
2

k
2 ( m + 2)νξ

2/ m

;

(33)
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　　3) when mb = a , c = 0 , B = [2 ( m + 2) ]1/ m , a = i m k/ν, the solution changes to

u =
[2 ( m + 2) ]1/ me±i k/νξ

[1 + e±i m k/νξ]2/ m
　 m

k
νξ≠π,3π, ⋯ . (34)

　　(C) When the reaction term is (24) , then p = 3 , d = 1 ; so the trial function of Eq. (21)

can be written as

u =
B

1 + e aξ , (35)

its corresponding solutions are

1) when B = 1 , a = ± k
2ν, c = ±(

1
2

- r) 2 kν, the solution reduces to

u =
1

[1 + e± k/ 2νξ]
=

1
2 1 º tanh

1
2

k
2ν
ξ ; (36)

　　2) when B = a , a = ±r
k

2ν, c = ±(
r
2

- 1) 2 kν, the constant r comes into the

solution

u =
r

[1 + e±r k/ 2νξ]
=

r
2 1 º tanh

r
2

k
2ν
ξ . (37)

　　(D) When the reaction term is (25) , then p = 2 m + 1 , d =
1
m

; so the trial function of

Eq. (21) is with the following form

u =
B

[1 + e aξ]1/ m , (38)

its corresponding solutions are

1) when Bm = 1 , a = ±m
k

2ν, c = ±(
1
2

- r) 2 kν, the solution is

u =
1

1 + e±m k/ 2νξ

1/ m

=
1
2 1 º tanh

m
2

k
2ν
ξ

1/ m

; (39)

　　2) when Bm = r , a = ±mr
k

2ν, c = ±(
r
2

- 1) 2 kν, its solution is

u =
r

1 + e±mr k/ 2νξ

1/ m

=
r
2 1 º tanh

mr
2

k
2ν
ξ

1/ m

. (40)

　　Similar solution of other reaction- diffusion equations is hopeful .

4 　Concl usion

It is clear that the above standard routine derivations are simple and fast in finding analytical

solutions for some nonlinear PDE with particular form. The main idea is to start from the Eq. (3)

and properly determine d and other constants . These particular exact solutions are useful as a

standard for the test of numerical methods of high order accuracy , say from 3rd- to 6th- order of

accuracy , rapidly developed in recent years . They also may serve as simple model for some

natural phenomena .
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