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Abstract: The" trial function method” ( TFM for short) and a routine way in finding
traveling wave sol utions to some nonlinear partial differential equations( PDEfor short) wer
explained. Two types d evolution equations are studied, one is a generalized Burgers or
KaV equation, the other is the Fisher equation with special nonlinear forms o its reaction
rate term. One can see that this method is simple, fast and allowing further extension.
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1 A Trial Function and a Routine to Find Analytical Solution of Two Types
of Nonlinear PDE

We treat the nonlinear evolution equation, which is formed by adding high order derivative
terms and nonlinear terms to the Burgers equation

q n

'aa—':+ u%+ +up[%i| +a1%+ +an%=0, (D

which p, g, nandd;(i = 1,2, ,n) being parameters independent of x and t. Although these

equati ons!* % have been studying for decades, we have succeeded in some extension,

particularly in the cases n = 3, 41922 gnd even n = 5. We limit us to study the traveling
wave solution of Eq. (1) in the following form (trial function solution)

(2

u= U+ s
T (1+ef)

withu=u€),& = x- ct, uy=00ru = c+ Jc®+2A: wherec, B, a, b, dand A
are constants to be determined.
First, we determined the exponent d by substituting Eg. (2) into Eq. (1) and partialy
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equalizing the highest order derivative term and nonlinear term

= _n_q_p v gq- 1 (3)
Next , one can select the constants ¢, B, a, band A and determine the relation betweend; by
substituting (3) into (1) and (2) and making some elementary manipulations. We mention that
in [10] dis chosen as 2 and we generalize it to other values. In the next sections, the trial
function and its corresponding solutions to two kinds of nonlinear evolution equations are
illustrated.

2 The Solutions to Nonlinear Equation Composed of Derivative Terms

Burgers, KdV, KdV-Burgers, Benney [13] equati ons can be generalized to the form

du, du, ﬁz_u Ju u
at+u5 Bax3+ya4+ :01 (4)
withp=1, g=1,s0
d=n-1, (5
with nth order derivative as the highest one.
(A) Burgers equation
%;Hu%”méﬁ‘;':o, (6)
then d = 1, so its tria function is
B
u:uo+IB;ee_a (U = c+ /& +2A) (7)

with its corresponding solutions of the following two cases:

1) whenb=0,B =-2 c+ 2A, a = 2 + 2A/Q , its shock wave solution is written

2
u=rc+ n/c2+2Atanh‘Am@£; (8)

2) whenb=a,B=-2 A+ 2A, a=- Jc? + 2A/0 , the shock wave solution is just
the same as (8) .
(B) KdV equation

du du Pu
ot Uax TP o =0 ©
then d = 2, its trial function is
[
u:uo+—B‘e§—2 (w=c- Jc*+2A), (10)
(1+e%)
whenb = a, B = 12 Jc? +2A, a =  J/c? + 2A/B , its solitary wave solution is
U= c- JE+2A+3J+2Asech? W/ Jc2 + 2A/fE . (11)

(C) Kdv-Burgers equation
u,  2u, q Lu B au
ot T Yox ax2
then d = 2, its trial function can be written as

, (12)
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8

u:uo+_B‘e_§2 (U = c+ Jc*+2A). (13)
(1+e%)
Actudly , its two solutions can be written as:
1 a /o . &l . o
1) whenb =0, B =- , a= , NCO+ 2A = > Q) , its solution is
_ 2 Kol az,o.
u=rc+ c+2A-25‘3(1-tanhH32), (14)

2) when b = 2a, the shock wave solution is just the same as (14) .
(D) Benney equation

u, ou Fu Slu  Zu_
8t+u5x+a 5x2+B Z3)(3+y 8x4_0’ (15
then d = 3, its trial function is with the following form
8
u:uo+(T?‘ee§_)3 (uw = c+ Jc®+2A), (16)

from which the following solution can be got :
1) when b = 0, the shock wave solution is of the following form

3
o ez ]
u= up+ 1 + tanh @ <0y <0,
*" a7 Jar 2 Ja7 !
, (17)
= U - — [l-tanh_l_,\lgi] >0y >0).
N & 2 Ja7 Y
under the condition that
B >0, p2=14L¥, (18)
2) when b = a, the solitary wave solution is written as
u= u + 15x ’\gsechz‘; Ngf[l-tanh‘;‘ Ngﬁ} @ <0y <0,
(19)
u= u- 15 ,\gsechz‘; Ngﬁ[1+tanh']2‘ Ngi} >0y >0
under the condition that
B <o, B?=16y; (20)

3) when b = 2a, the same results as (19) can be obtained.
Similarly, we can solve the equations when the highest derivative is of order 5. This is
partially accomplished, we omit here the long derivation.

3 The Solutions to a Kind of Reaction-Diffusion Equation or Fisher Equation

We study the following reaction diff usion equation

%?:V%g+f(u), (21)
whaose nonlinear reaction term has the following four forms
fi(u) = ku(l- u), (22)
fo(u) = ku(l- u™ (m >0, (23)
fa(w = ku(l- W(u-1 (O<rs=), (24)
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and

1

2) '
Substituting (2) into (21) and equalizing the diff usion term and the highest order nonlinear

term, we have

fa(u) = ku(L- u™ (u™- 1) 0<sr< (25)

_ 2
d="7"71 (26)
with pto be the order of the highest order nonlinear term in Eq. (21) .
(A) When the reaction term is (22) , then p = 2, d = 2; and thus the trial function of

Eg. (21) is

- [—1'33;—]2 (7
its corresponding solutions are
1) whenb=0,B =1, a= E)C' ¢? = 265k1 > 4K , the solution turns to be
2
" Trenl GBI B{l tanhi)c’fh | 29
2) whenb=2a,B =1, a=- ;‘ ¢ = 265k) > 4K , the solution differs only by two

signs

_ 1 a4 2.
C(L+epl- €/(3)]? ‘[2[1”anhi.cﬁh ; (29)

3 whenb=a,c=0,B =6, a=i Ng,it is a stationary solution

U:%SBCZI\/%X [-%<ﬁx<%}. (30)

(B) When the reaction term is (23) , then p = m+ 1, d = %]; the trial function of
Eg. (21) is o the following form

8
_ _Be®
= [1+e§]2/m! (31)
its corresponding solutions are
2

1) whenb =0, B =1, a = 2(m+2)v , C = (c? > 4K) , the solution is

1 i|2/m

u= :

N S ” 2 2(m+2)v ’

[1+exp[i m[2(m+2)v
(32)
__sz_ 2 _ ok

2) when mb =2a, B =1, a° 2(m + 2V cc=(m+4 2(+2) (c® > 4W) , the

solution becomes

el [LLJ”i]WB{Ma”%%EJ]“:

M o(m+ 2)v

(33)
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3) whenmb=a,c=0,B=[2(m+2)]Y™, a=im Jk/V , the solution changes to
u= [l+eiim»/m2]2lm m ;tT[,3T[, ) ( )
(C) When the reaction termis (24) , then p = 3, d = 1; so the tria function of Eq. (21)
can be written as

B

u = 1+ eg y (35)
its corresponding solutions are
1) whenB =1, a =% ,\/g c=z (é - 1) V2N , the solution reduces to
1 1 _ 1
u= = ; 36
(1468195 2{lthanh2 ZVJ (36)
2 whenB = a, a==%r ,\g c == (er‘ - 1) V2K , the constant r comes into the
solution
_ [ oo _ i
u‘[1+eerE]‘2 1+tanh2’\/gEJ- (37)
a1

(D) When the reaction termis (25) ,then p = 2m+ 1, d = o SO the trial function of

Eg. (21) is with the following form

B
u = [1+e§]1/ml (38)
its corresponding solutions are
1) when B™ = 1, a:im’\g, c:i(';‘- r) V2K ,the solution is
__l_]llm_[_l_ B m,\/&é]ﬂm.
U—|:1+ei.m,/ﬁ§ = |1 Ftanh S ; (39)
2) whenB™ = r, a =+ nr ,\g c:i(JZ"- 1) J2WK ,its solution is
1/ m _I’_r mr Um
B

Similar solution of other reaction- diff usion equations is hopeful .
4 Conclusion

It is clear that the above standard routine derivations are simple and fast in finding anal ytical
sol utions for some nonlinear PDE with particular form. The main idea is to start from the Eg. (3)
and properly determine d and other constants. These particular exact solutions are useful as a
standard for the test of numerical methods of high order accuracy, say from 3rd- to 6th-order of
accuracy , rapidly developed in recent years. They also may serve as simple model for some
natural phenomena.
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