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Abstract

New Jacobi elliptic functions are applied in Jacobi elliptic function expansion method to construct the exact periodic solutions
of nonlinear wave equations. It is shown that more new periodic solutions can be obtained by this method and more shock wave
solutions or solitary wave solutions can be got at their limit conditib2001 Elsevier Science B.V. All rights reserved.
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1. Introduction method and applied it to some nonlinear wave equa-
tions. Many periodic solutions based on the Jacobi el-

Much effort has been spent on the construction of liptic sine function finite expansion were obtained by

exact solutions of nonlinear equations, for their impor-  this method, including some shock wave solutions and

tant role in understanding the nonlinear problems. Re- solitary wave solutions. Further studies show that new

cently, many methods have been proposed, such as theperiodic solutions can be got in solving some nonlin-

homogeneous balance method [1-3], the hyperbolic ear wave equations, if we apply different Jacobi ellip-

tangent expansion method [4—6], the trial function tic function expansions. In this Letter, we will show

method [7,8], the nonlinear transformation method the details about these new Jacobi elliptic function ex-

[9,10] and sine—cosine method [11]. Many exact solu- pansion and new periodic solutions.

tions have been obtained, however, these methods can

only obtain the shock and solitary wave solutions and

cannot obtain the periodic solutions of nonlinear wave 2. Jacobi elliptic function expansion method

equations. Although Porubov et al. [12—-14] have ob-

tained some exact periodic solutions to some nonlin-  consider a given nonlinear wave equation

ear wave equations, they use the Weierstrass elliptic

function and involve complicated deducing. We [15] v, 2 du %u 9%u _o 1
have proposed the Jacobi elliptic function expansion Y91 9x 912 9x27 ) T @
we seek its wave solutions
* Corresponding author.
E-mail address: liusk@pku.edu.cn (S. Liu). u=u(€), &=k(x—cr), (2)
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wherek andc are the wavenumber and wave speed,
respectively.

In [15], u(&) is expressed as a finite series of Jacobi
elliptic sine function, s§ (a brief introduction to
the definition of Jacobi elliptic functions is given in
Appendix A), i.e., the ansatz

u@) =Yy a;sne

3
j=0
is made and its highest degree is
O(u(®) =n. 4
Notice that
du =i:ja~sn’_1§cn§' dné (5)
= ! ’

where crg and drg are the Jacobi elliptic cosine func-
tion and the Jacobi elliptic function of the third kind,

respectively. And
crPé =1—srfé, drPe =1— m?srf¢ (6)
with the modulusn (0 <m < 1). Since
d d
£sn§ =cné&dng, Ecné = —sné dné,
d 2
% dné = —m“sné cng, )
the highest degree @ /d¢ is taken as

du

)= 1 8
O(d&) n+ (8)
and

du 2y
d3u

Thus we can seleeatin (3) to balance the highest order
of derivative term and nonlinear term in (1).

We know that, whenn — 1, then si§ — tanhg,
thus (3) degenerates as the following form:

u@E) =) ajtani .

j=0

(10)
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So shock wave or solitary wave solutions can be ob-
tained by the Jacobi elliptic function expansion meth-
od, too.

We can get periodic solutions and solitary solutions
to some nonlinear wave equations for seleatedc-
tually, we can get the same periodic solutions (includ-
ing solitary wave solutions) based on different Jacobi
elliptic functions for some nonlinear wave equations,
detailed results have been shown in Ref. [15] that the
same solution can be expressed in term of different
Jacobi elliptic functions. But we can get different pe-
riodic solutions and solitary wave solutions based on
different Jacobi elliptic functions for some other non-
linear wave equations. We will show the detailed re-
sults for two equations, mKdV equation and nonlinear
Klein—Gordon equation.

3. mKdV equation

3

au 20U d0°u
— — —=0. 11
at +ou 3x+'38x3 (11)
Substituting (2) into (11) yields
du >du 2d3u
—c— — kc— =0. 12
cdé—i-om d§+'3 ¥TE (12)

3.1. Jacobi eliptic sine function expansion

Considering (4), (8) and (9) to balance the highest
order of derivative term and nonlinear termin (11), we
can get
n=1, (13)
so the ansatz solution of (11) in term of&sis

u=ap+ ayShé. (14)

Substituting (14) into (12) yields
[—c + ocag — ,3(1 + mz)kz]al cné dné
+ 2aaga? sné cng dng
+ (aa? + 6Bm2k?)ay siP £ cng dné =0, (15)

from which it is determined that

/| 6
ap=0, a1 ==+ —?'Bmk,

c=—B(1+m?)k% (16)
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Thus the periodic solution of (11) is 3.3. Thethird kind of Jacobi élliptic function
expansion
| 6B
u ==,/ ——mksné . . . .
o The ansatz solution in term of the third kind of
6c - Jacobi elliptic function expansion can be written as
=+ [——msn [—————(x —ct),
a(l+m?) B(L+m?) n .
17) wE =Y c;dE. (23)

which demands that > 0, « > 0,8 <0 orc <0, i=0

a <0, B > 0. And its corresponding shock wave To balance the highest order of derivative term and
solution is nonlinear term in (11), we can get the ansatz solution
of (11) in term dr¥:

| 6B

-+ 3¢ tanh |——— (x — ct) (18) Substituting (24) into (12), we have
a 28 '
4 6¢ d c 95
3.2. Jacobi elliptic cosine function expansion “=Re2=—md ™ B2—m? (x—c).  (25)

This is another periodic solution of (11). Far— 1,
dn¢ — seche, thus (25) degenerates as (22), the sol-
itary solution of (11).

Apart from the expansion of Jacobi elliptic sine
function expansion, other Jacobi elliptic function ex-
pansions can also be applied to construct the periodic
solutions of nonlinear wave equations. The ansatz so- o ) )
lution in term Jacobi elliptic cosine function expansion 3-4- The Jacobi elliptic function cs¢ expansion

can be written as
The ansatz solution in term of Jacobi elliptic func-

; tion cs& expansion can be written as
u(&):ij cr €. (19) S5 exp
j=0 n )
= dicY &, 26
To balance the highest order of derivative term and u() Z; iess (26)
nonlinear term in (11), we can get the ansatz solution =
of (11) in term of crE: where c§ = cn&/sné. To balance the highest order
of derivative term and nonlinear term in (11), we can
u = bg+ bicné. (20) get the ansatz solution of (11) in term&s
Substituting (20) into (12), we have u=do+ dqCSE. (27)

6c c Substituting (27) into (12), we have
u== ot(2m2—l)mcn /ﬁ(zmz_l)(x—ct). ~ _
(21) u== ,_a(Z—mz) cs /'B(z_mz)(x—ct). (28)

This is another periodic solution of (11). Far— 1,
cné — seche, thus (21) degenerates as the following This is another periodic solution of (11). Far— 1,
form: csé — cschg, thus (28) degenerates as

u= :i:\/gsech £(x —ct). (22) u==, & csch £(x —ct), (29)
o B o B

This is the solitary solution of (11). which is another solitary solution of (11).
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4. Nonlinear Klein—-Gordon equation

We discuss the following nonlinear Klein—Gordon

equation:
321/{ 232u 3
W—Coﬁ—i—(xu—ﬂu =0 (30)
Substituting (2) into (30) yields
d2
kz(c2 — c%) EZ +au — Bu’=0. (31)

Its corresponding ansatz solution in term ofsa (14)
and exact periodic solution can be obtained as

2m2q

o
B(1+m?) Sn\/ (2 —c3)(1+m?)

(x —ct),

(32)
which demande > 0,8 > 0,c? > c3ora < 0,8 <0,

¢? < c2. Its shock wave solution is

o | o

The ansatz solution to (31) in term of &ris (20)
and exact periodic solution is

2m2a on o
B(2m? — 1) (c?— ccz)) 2m2 —1)
X (x —ct). (34)

Its corresponding solitary wave solution is

| 2u [
u== ?Sech (CTC%)(X—CZ‘). (35)

The ansatz solution to (31) in term of dnis (24)
and exact periodic solution is

u=-= 2a dn « (x —ct)
TV BR=-mD) T (2 - B2 —m?) ’

(36)

whose corresponding solitary wave solution is (35).

The ansatz solution to (31) in term of&ss (27)
and exact periodic solution is

U==4+[— 2 CcS [— d
- B(2—m?) (c2 = cd)(2—m?)

X (x —ct), (37)

whose corresponding solitary wave solution is

| 2 / o

5. Conclusion

In this Letter, the Jacobi elliptic function expansion
method based on different Jacobi elliptic functions is
applied to some nonlinear wave equations. And it is
shown that the periodic wave solutions obtained by the
Jacobi elliptic function expansion based on different
Jacobi elliptic functions may be different, so many
new periodic solutions can be got, so many new shock
wave or solitary wave solutions can also be obtained.
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Appendix A

Notice that

¢
1
0= [ e
! 2 V1—m2sirf e Y

t=sing

dx (A1)

1
B ! VA= x2)(1— m2x2)

is called the Legendre elliptic integral of the first
kind, wherem is a parameter which is known as the
modulus. The inverse functiaon= sing is called the
Jacobi elliptic sine function which is represented by

t =sSnu. (A.2)

Similarly, v/1 — t2 and+/1 — m?:2 are defined as the
Jacobi elliptic cosine function and Jacobi elliptic func-
tion of the third kind, respectively. They are expressed
as

V1—1t2=cnu,

respectively.

v1-—m??2 =dnu,

(A.3)
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We see from (A.1) that, whem — 0, snu, cnu [6] E. Fan, Phys. Lett. A 277 (2000) 212.
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