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A baroclinic semi-geostrophic model, inciuding the wave—CISK mechanism, was cstablished 1o
analyze the low~[requency oscillatian {LFO) in the tropical atmasphere. In this paper. we not oniy con-
sidered the effect of CISK mechanism which was demonstrated as ¥’ nw g in the thermodynamic equa-
rion. but alsc considered the variation of vertical velocity w, at the top of boundary jayver with lautude.
Under those considerations. the analytic solutions of equations which ¢an describe the LFQ in the ropr-
cal atmosphere are obtained, and the Kelvin waves and Rossby waves sxcited by the CISK mechanism.
CISK-Kelvin waves and CISK-Rossby waves are discussed. 1t is shown that the wave—CISK mecha-
nism is very important to the LFO in the tropical atmosphere. In this treatise we expanded a series ol the
sigenfunction S, 5/1{+) which was named as the Sonine polynomial. Of our results. we nat only o0-
tained the relation between the propagating velocities and the convective condensational heaung
oarameter 7. but also demonstrated the coupling effects for the upper and lower atmosphere 1 ihe rop-
ics. It depends on the differcnt values of 7 in the upper and lower atmosphere where the CISK-Keivin
waves and CISK -Rossby waves propagate ecastward or westward. and these waves may be enstanle.

Key words: wave-CISK mechanism; low—frequency oscillation; convecuve condcnsaunonal ncabng
parameter; CISK-Kelvin wave; CISK -Rossby wave.
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1. INTRODUCTION

In the zarlv 1970s. Madden and Julian'™ discoversd Tirst v using the speciram oo
~2th0d on the 10 vears observationai data in Canton {siznd that the zonal wind 2nd
sressure are characteristic of the perodic oscillation with 1d0ul 40-30 davs. [n ther turines
-esearchl™! they proved that m the all tropics there were the periodic asciilations with 40 - 30
days which propagate eastward and have the disturbance character of the ronal wavenumoer

A5 is well known. the main area is ccean in the ropics. In this area. there is sulficient
supply of moisture, the atmosphere is usually the conditional unstable and the cumuius con-
—ection which plays a very important roic in the tropical atmosphere is quite acuve. The re-
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searches on the tropical atmosphere must consider adequately these facts. Yamasaki®! intro-
duced first the mechanism of conditionzl unstable stratification into a linear two—dimensional
model tc analyze some waves in the tropical atmosphere. I—ia_\fza.s.hiE A explained several
phenomena including the LFQ by the same method. And this method have been summarized
as so—called the wave—CISK theory by Lindzen'. From this theory, when we assumed that
the ratio of convective condensational heating is proportional to the vertical velocity. through
some procedure of waves in the tropical atmosphere, the CISK could be motivated and then
led to the unsiable development of waves, the same that the Ekman pumping factor could do.

In the later 1980s, the researchers paid much atention to study the periedic LFO with
30-60 days. They not cnly studied it as a periodic phenomena in the atmosphere. but also re-
searched further its genesis mechanism and dynamical structure etc.. that is to say. thev con-
sidered it as an atmospheric “substance”.

Some theorsucal and numerical investigations on the wave—CISK mechanism are devel-
oped by Li'®. Hayashi and Sumi”'. Lau and Peng'®. Mivakara!®. Chang and Lim!'" and
Liv and Wang!'". Their results showed that the LFQ can basically be regarded as the Kelvin
waves or Rossby waves responded to the condensational heating caused by the large—scale
convergence lifting in low latitudes.

2. BASIC EQUATIONS
By considering a Boussinesq fluid with the stable stratification and applving the equator-

1al f-plane approximation, the basic equations of the baroclinic sermi—-gzostrophic model 1n-
cluding the wave—CISK mechanism can be written as follows:

ol cw
= _ﬁgllb‘“ - = [
{ &y
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Bovu = - (2}
cu cv . Cw .
— - - =0 13
ix ¥ és
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where V15 ihe Brunt-Vaisala frequency, J, 1s the Rossby parameter assumed {0 e constant.
wy 1s the vertical velocity at the top of boundary layer and # means the non-dimensionai
parameter of latent heat which is assumed to depend oniyv on neight 7 and non-zero oniv
when w3 > 0. The term r:r.'Vlwa on the right~hand side of Eg.i4) represenis  the
condensational heat in the CISK mechanism, Qther notations are standard..

Liu''"* demonstrated that Egs.(1)-{4) can filter out the high-frequency inertia-gravity
waves and retain the Rossby waves with large wavelength (£—0) and the Kelvin waves at low
latitudes. The latter corresponds to the case of v = 0in Egs.(1)-(3).

Eliminating u from Egs. (1} and (2) we have :

.1

12 g Gy, N
. = — —_— —_— [:
Bayu (5ray ’B”ax Yo )
Differentiating Eq. (5) with respect to y leads to
dy 3’ &* é
21 gty = - - ~ fo=)o’ (
By 3y Bsyv ( Giay? ﬁo)’axa}_ Bo E’.*:) 6)
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Replacing 3¢’ / dy on right—hand side of Eq. (6) by — fBoyu in terms of Eq. (2). we then ob-
tain

B (2 e ) ot = - 8 - S )
Replacing v in the second term on the left-hand side of Eq. (7) by ¢ in terms of Eqg. (3) vields
e =l ®

Uiilizing Eg. (3) and replacing g—: —g—i by — E;l;- we have
ﬁ§13%=(1%—2)% —ﬁg_s"":;i’. {9}

2
On appiving the operator cfo‘ to £q. (9) and in terms of Eq. (4) we then obtain

P

dw=F (10)
where
é i 8% ¢ 1 g £ 1 ¢
s— NN y—F-—-2—)+ sy — N gy {1
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The boundary conditicns of Eq. (10} are given as
wi.agng =0 113
and

wi._ . x =0 (14

Eq.(10)1s the basic equationewhich can be used to discuss ihe wave—CISK mechamsm.
3. ANALYTIC SOLUTION WITH #=0

When 1=0. Eq. (10) can be reduced to
w = (). {13)
which is a homogeneous equation in w. [t shows that the vertical velocity at the top of the
boundary layer is descendent.

Considering Eq. (13) and boundary condition Eq. (13) and appiving the normai mode
method, we set

w = W(y)e.{k:vn:—:ur)? (16)
where & and # are the wavenumbers in x and - directions respectively, and @ the angular ire-
quency. If L is defined as the wavelength in x direction, we have

k=2n/1L, (T

and from boundary condition Eq. (13} » may be written as
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n==n/H (18}
Substituting Eq. (16) into Eq.(15) and boundary condition Eq. (14), we have
'de lid i 4 IBGk 1
28 7 8 (ot 2PN =
¥ dy? Y ar (Lf ¥ " ) (19a)
Wlaes =0, (19b)

where L, is the Rossby radius of deformation in low latitudes. L.e.
' { e N _NH
= —_— = oe— = — b]
LI ﬂg ' Cy n - . (—D)

é;=(}f)2v o w=tw (21)

Then. by setting

Eq. (19) can be simplified to find the following eigenvadue solution of the Whittaker eguation

S L TN
déi 44 3 g
Wy 2w =0. (22b)
where
o AN ke 0 23
1 dnew 4o ' e o
If setting
W=t tzu-titz {24}

Eq.(22) can be transformed into the following eigenvaiue solution of the Kummer equanon
(i.e. the confluent hypergeometric equation)

itz dzZ | '

:z = s u=1-Ey=—=-la-c - JZ=0 (2%a)
£ 082 (-t 1)

L)~ = O(ET). : [25b)

The sigenvalues of Eq.(23) are
p-+-%—l, = —m. (m=20.12) (28)

The corresponding eigenfunctions are

Q2er+1),

Z=4,5%(E)=4,,
mi

F(—m2u= 1.2, (im=01.2.) (27}

where A ,, is the arbitrary consiant, and (24 + 1), is the Gauss symbol defined as

@+ 1), = (2 + 102+ Deer(2t + m) = E(zr‘;—;i_fl)—”’) (28a)

Qu+1)y =1, (28%)

while $2 (&) is known as the Sonine polynomial, and F{ — m, 2u + 1, ) as the Kummer func.
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ion (i.e. the confluent hypergeometric function).
If taking # =3 / 4 from Eq. (23), Eq. (26) may be reduced t0

1 ke,
_ e — = — = F ean 2
1 T e m, (m=0,1.2,--) (29)
and from Eq. (27}, we have
s (172}, .
Z=A,,,5m3/-(q-l)=,4mTF(—m.—%.gl). (30)

:?From Eq. (29) we find that the angular frequencies are

kCl

——— ' E T wun 3
~am 1 {m=0.1.2) 31

w =

e e

Substituting Eq. {30) into Egs. (24) and {21}, we obrain

] 2 — 1,/ (_1/2)," -5 1 l -
W)= dpe 87 ST = A e T — im0
1 oerrr 1, 2 (—1/2) L1 osgeg 1 1':
=4 et g L e g e TR SRy e ) (52
‘ (£9=4.50 A -mb o)
From Eg. (31) we can see that when m =0 it becomes
w=kecy. (33}

which is obviously the castward propagating equatorial Kelvin waves: and when m==0 then
w<0in Eq. (31), which denotes the westward propagating equatorial Rossby waves,
From Eg. (31) we oorain the oscillatory period
Pl | —dm + 1l
TSq= =——"1/L. 34
‘ol <,

By taking ¢, =30 m - 5", the values of 7 are given in the table below:

—_ T L 6.0x10° m : 1L2%10° m
0 1.4 day 1§ dax
_ 1 7day 4 dav
2 16 day 32 day

Evidently, there are many discrepancies berween the results on condinon that # =9 and
the observational LFQ either for the propagating direction of waves or for the vaiues of pen-
ods. Therefore, the Rossby waves and Kelvin waves without the condensational heating are

not certainly the forcing of the LFO.
4, ANALYTIC SOLUTION WITH »n==0

When n70. Eq.(10} contains the CISK mechanism. First, applying the normal mode
method, we set

W= W{yz)e®m el (35a}

wa =Wy (y)c:‘(kx— i), {350}

Substituting Eq. {35} into Eqg. (10} yieids

PRI
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1( W W, , LW s
N\ y— — 255 )+ wpd S - N B W
dy oy dz-
d*w dw ,
= Nyt — 2L ) = By W 5. (36)
! dy? d}' !

{ and the boundary condition {14) in terms of {(35a) is reduced to

Wimss =0. (37)

{36} is a parual differential equation in ¥ with respect 1o v and =. To find the solution we use
a simple 3-layer model which is-established by Takahashil”®! as shown in Fig.1. In this model.

Az is the interval in - direction and »n varies with - as illustrated in Fig.2.

-~
:]
w, =0
w. r
r w “[h
ar
+ w, =0
"
FIGURE 1. Schematic illustration of a FIGURE 2. Schematic diagram showing
3-faver model. the vanation of 7 with » in the 3-iaver

model.

Next, tet Eq.{36) be written on the first and second laver in the J-laver mode! and the
differentiation with respect to 7 is replaced by the difference. that is to sav.

(EFy W WL Ewy W oW 133

g= 0 (A Azt 0 (az)-
and we set

Wy =6, 0<b=i) (3%

where 515 a non—dimensional parameter. We then have

I dl d _'IH" . kaO 2 ,l',l . 'L"1 . .
(i —bn Ly . _2'}d—y—(f -y ) ]w, —EMJW, STTWE0 Moy
;2 4 o Il
1 d d v KBy by
b’?z[}' dv 42"'d}'_([‘; - @ ¥ )]Wl"'b(’h—‘i)}idz W,
. d d v £8s o\1
-yt = 2y— — 22w, =0, (4
. Yiy (L, o Yiw, =0 ‘ Ob)

where

Cs
L= f:ﬂ: ;= %NA:. {41)
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By setting
2 .
q-?.:(_[‘%) ' WI.2=C'21/‘WI_Z- (42)

'Eqs,(m) can be transformed into the following equations in W, and ¥,

. ! 1/4 - .
(l—bm){d—_fi—[—l—-'s-,i*g*—w—)—- }Wl——br,r[ —~1-W1 0. (d43a)
dé S2 2

1 3
d* 1L /8- N, R
b {2 [ -l U298 Py Ly,
1 dgd : RS &3 ) A 2
2 [1 - 2 -
B e o
d¢3 MRS $3
where
ke, - 9
= ———, g7 ==s. (b}
- 4w # ié
By setting again
Wa=e 3572z (a3}
Eqgs.(43) can be reduced to the equations with the Kummer operator
. d? d .
G-tmilets = @urt—ige — (kv 1))z —5om 522,
‘ dé3 dé,
_%5323 =0 46a)
. d? : ! Iys
bp: (5L < -1 - gt (w3 -]z - el - ez
dés d¢s 4 -
r. d° .. d 1
N e i U Rt . =0. (450
i moum i m g =g )z o
Taking 4 =3 . 4 and expanding Z,; and Z, in Sonine series oy wniten
Zy= T oA,S500 ). Za= Y BaSa 147)
-y -
where 4., and 8,, are the expanding coeflicients.
Substituting {47) into (46) and noting the recurrence relations of S
digw dS:‘:‘ . wo
s 2ur =g = —mS§2(E, (18a)
d¢- :
cSHE = (m-—USm+ig)+(2#+2m-bDSE(&“Mq—ZMSf,;El {48b)
we then obrain the fellowing eguations:
(1 —an)ZA (— =1, —m)S_“Z-r-*l-bﬂi ZA [-—(m*’* 1} ;i’{li—(l_m
- m=9 -l
—_ 1 1 —_ k]
__%)5;3/2 _;_( % __m)s;axz] +% E B,,.[—(m B A ( Im *'2_)5”' 172
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b T An( st mm)s s Som T Al == ST “{am=L)s7

-(3 -m)si2t] - 5 8.5l -m)s =0 (495)

By applying the orthogonality relation of S (&)

=r(2u+m+l) 5

- k) I
[, ememisroun - . (50)
1o Egs. (49), we can obtain
L -n 1y '—;L "m)éébq]( m —-;—)L{m '—é-( - )8, =0, (1)
on{ iy = o) = 2o (am = 3))an = (0 ~L-mls, =0 (51b)

The existence of nontrivial soiutions demands that the determinant of the coetTicients of A,
and B. in Eq. (31) vanishes. which leads to

(1 —bl?l}( {4 +:£;' —m); *%b(ql "“é"?z)( 2n1——)( I8 _I —-m)
1
7

)( wm-z) =0 (32)

Asly = —kcy /4w, Eq. (52) is the quadralic equation with w. From this we can obtain the
dependence of @ on m. 7, and na. BY analyzing Eq. (32) we can see that when by, 2 | the
imaginary part co; of angular frequency, @ = @, — i@, . vanishes: -his case carresponds to the
stable propagating waves. When 0< bn, < 1. w; is nonzera. which corresponds to the
unsizble propagating waves. In order 1o clearly show these we wiil discuss thern under two
conditions: &ny =t (6=0.8}andn; = L.

(hn. =1 (b=03n =1.13]

From Eq. (32) we can obtain

! 1 m= 1 n:_(l/z)(’m iy 1331

e =gt = — v e It — 3
S 10 1—(3g, 7 5) x ’

50 that
2(5—21'?-:)
g = — = ke (=012 34
15! G = 10 272) €1 (m =101 ) (34)
When m =0, Eq. (54) reduces to
2(5‘2172)

R 71 4, {31

@ 9~ 215 Ca 7

which represents the CISK ~Keivin waves. From Eq. (53) we can see that whenrr‘h’ <3/201
1, >9/ 2. the CISK~Kelvin waves propagate eastward (o> 0); when 3/ 2<n, <9/ 2 the
CISK -Kelvin waves propagate westward (o <0}. That is to say, when the convective conden-
sation heating in the middle and upper troposphere is rather weak or strong, the
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CISK -Kelvin waves propagate easiward; and when the convective condensation heating in
the middle and upper troposphere is moderate, the CISK - Kelvin waves propagate westward.
From Eq. (§5) we can obtain the osciltaiory period of CISK —Kelvin waves given by

_2x _ i 97dms L .
To = ol 123G —2m)ler (36)

As shown in Fig.3, if taking L= 2.0 % 10° mand e, =2.4m - s™' we can find that when 2 € s
<5 /2, the CISK ~Kelvin waves propagate eastward with Ty, =30-60 davys; when 3.7 25 #-
<5.5/ 2. the CISK -Kelvin waves propagate westward with T, = 30-60 davs.

\

|
|

1201
100+ )
30+

'
'

1

1

1
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~ 604 ]
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1

0 : T . T T
il 1.0 .0 3.0 4.0

1
FIGURE 3. The variaton of period of CISK-Kelvin waves with the convectve
condensational heating parameter n; for L=2.0% 10° m.
When m==0, Eq. (54) represents the CISK -Rossby waves. And when y, <27 5 or n;
< 2/9, the CISK -Rossby waves propagale westward (@< 0); when 2/ 3< 4, <279 the
CISK -Rossby waves propagate eastward (w> 0). As an example. setting m=1 Eq. (34) 15
writlen as

_ _2(5*2:1-_,)1“' P
AR TC I POy R -
and the corresponding period is given by
39— 2ma)i L .
| T L33y
bOAS - 2na) e

Similar to Fig.3, by setting L=20x 10" mand ¢, =24 m * 57!, we see that when 1.3 <,
N

2, the CISK -Rossby waves propagate westward with 7, =30-60 days: when J<n, <6.5
the CISK -Rossby waves propagate eastward with 7 = 30-60 days.

(D7, =1 . '

From Eg. (32} we can obtain

L 1 2L S U U O P U TS <
z’:*--IAm_z[(l zqg)(lm 2)_2'2111 2=v(n‘?; iy J]‘ (39)
5o that
w= ! ke, (60)

2ls =) ( —L—+m)r1m~ﬂ]\/(qz =iz = 5)
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When m =0, Eq. (60} becomes

w= 2 ke, (61}

(4—'?]2)2:'.\./(?1_[)(??:—5) i

which represents the CISK-Keivin waves, but it is not the same as that in Eq (33} Her=
may be a complex number. s¢ we can obtain the CISK -Kelvin waves.

f From Eg. (61) we see that whex Hy <lorn, >5wisareal number, The cases when the
convective condensation heating is either very weak or very strong happen rarely; we wiil no:

dzscuss themn 1 this paper.
; For | <n, <3 Eq.(61) can be written as

@® = o™ (1< <3), (63)
where
o _ Sl ) o _ vl =D =)
i W, = e ke, w; = : " - Lo, R
: 11 _;r;f: I[ —.—.-’h T

{ From Eq. (63) it is se=n that on the one hand na can vary in a wide range where { <. < 4,
. which impiies that the CISK - Keivin waves propagate 2astward and are unsLab[c on the other
- hand 7y can also vary in a narrow range where 4 < 1. <3 o <0 and @ =0 which implies
that the CISK ~Kelvin waves propagate westward and are aiso unsizble.

From Eq. (63} the oscillatory period is given by

2= |fl=2n, i ey
Ty = = —_ (64}
9 {oal '2( "‘I:HC’
and it can be discussed similarly to Eq. (36).
When m==0. Eq. (60) represents the CISK - Rossby waves. For example. in case ol m = |
Eq. (60) then can be reduced o
w= - 2/ _tey 65)
(B=rn) Zvln =D, = 5
For 1 <n, < 3. itvields
ol =0l el (1 <p, <3), 66
where
2(4_’77) 2u (P?-s - 1)(171 “"5)
(”=ﬁ~—~:.._ N .(_”—_- b ks 1) . fT
w,; 1= 27, Ci, o) 3(“_2’;:) ke 67)
From Eq. {63) we find that the oscillatory period is given by
(11— 274
2(4 - }11) €2

Evidently, for 1< n, < 4 the CISK-Rossby waves propagate westward {w'” < 0) and are
unstabie. For 4 <, <3 the CISK-Rossby waves propagate eastward (e ' > 0Y and are also

unstable,
! Evidently, the solutions of Egs.(1)~(4) can readily be obtained for a given convective
i condensation heating, and the w.and u so0 obtained are illustrated in Fig.4 and Fig.3.
! respectively.

i
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FIGURE 4. Longitude—height section of FIGURE 5. Loagitude—~height section of
w over the equator. Contour interval is u over the equaror. Contour interval is
07 m-s", 0.5m-s".

For comparison, Fig.6 and Fig.7 represent the vertical scructures of w = dp ~drand «
obtained by Murakami and Nakazawa''" from the observational data of the Northern Hermi.
sphere 1n the summer of {979. From these diagrams we see that the theoretical results 50 ob-
:ained are satsfactory.

Applying the same 3-iaver model. the phase velocities ¢, and ¢, obtained bv
Takzhasi'™! are illustrated in Fig,8a and Fig.8b, respectively. From these diagrams we ses
that for #, > 1. the waves are stable (¢, 20) and propagatng (¢, =0). Thase results are con-
sistent with ours. However. our research is more deepgoing and comprehensive than
Takahashi’s. He obtained only the Kelvin waves, but we gbrained both the CISK -Kealvin
waves and the CISK-Rossby waves. Furthermore, under the interaction of the convective

CAT.3 EQ

500+

700
5o
1000

e T JE
0 I0°E &0 90 120 150 180 {30 120 90 50 0°W )

FIGURE 6. Longitude—height section of o with a 30-60 day oscillation aver the
equator. Shaded regions correspond to areas where @< 0. je. descznding mortion.
Contour interval is 3x 1877 hPa « 7'

CAT.S U

0 3CE 83 90 10 150 e T50 ot % W B

FIGURE 7. Longitude-height section of « with a 3060 day osciilation over the
equator. Shaded regions correspond to ar=as-where u< 0, i.e. easterlies. Contour in-
tervalis 2.0 m - 57
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ual N m

FIGURE 8. The variation of ¢, and ¢, with'n, and 1y by Takahashi™ (a) e, ; (D) c,.

condensational heating berween the lower-and upper atmosphere. these waves may propagate
either eastward or westward and may be unstable.

5. CONCLUSIONS

The barociinic semi—gcostrophic model including the wave-CISK mechanism can be
theoretically used to discuss properly the LFO in the tropical atmesphere, [t1s shown that:

(1) By applying Takahashi’s 3-layer model we can find the interacticn between the upper
and lower troposphere. The disposition of convective condensational heating in the iower and
upper tropospheric atmosphere can affect not only the propagating velocities and periods arl
CISK -Xelvin waves and CISK -Rossby waves but also the stabilities of waves.

(2) When 7y =1.25 and 1y < 2.5 the CISK -Kelvin waves propagate eastward slowly.
and the CISK-Ressby waves propagate westward slowly. Hence. the main mtr“seasom'
oscillation in the LFQ is the CISK-Kelvin waves. but when 372< g, < 9. 2. the
CISK -Rossby waves propagate castward slewly and the CISK -Kelvin waves propagars
eastward slowly. and the main intraseasonal oscillation in the LFO is the CISK-Rossoy
waves.

(3) When n, =1 and 1 <y, <4 the CISK-Kelvin waves and CISK -Rossby waves mav
propagate either eastward or westward. and they arc both unsiable.

Qur above conclusions are consistent with the numerical results of some researchers such
as Takahashi et al., and can be applied as a physical basis and mathsmatical medel for the
analyses of LFO.
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