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Abstract

ods and magnitudes of cooling or warming especially for extreme climatic events vary with the time scales. On the other hand high-fre-

The climatic time series encompass many time scales forming multi-scale climatic variations and hierarchies. The peri-

quency atmospheric turbulent motions which are certainly related to the climatic changes are also typical multi-scale phenomena. In this
paper certain properties of the fluctuations are examined that are invariant with the change of the time scales. Specifically the existence
of a statistical similarity law is demonstrated in climatic time series and in atmospheric turbulent motions. This is the hierarchical similarity
law. Further analyses show that the hierarchical similarity law is a general property of multi-scale fluctuation systems. Therefore the
study on the hierarchical similarity law is important for understanding the inherent universal physical mechanism of complex systems in the

atmospheric motions.

Keywords

The global warming is a pressing issue in the
current study of climate changes ! . The climate vari-
ation is however a multi-scale phenomenon the pe-
riods and magnitudes of its warming or cooling vary
with time scales long warming periods contain short-
er warming and cooling periods and so on 2
meaningless to discuss the climate warming and cool-

SO it 18

ing without referring to time scales. In addition to
multi-scales property
pass also a wide range of fluctuation amplitudes. This
is a general characteristic feature of multi-scaling phe-
nomenon. For instance the precipitation is intermit-
tent on scale of days some day there is no precipita-
tion but the next day there may be 10 mm to 10 cm

the climate variations encom-

precipitation or more. On the scale of years
year there may be as much as 500 mm precipitation
but a year later there may be only 200 mm precipita-

some

tion or less. Furthermore there are from time to
time large fluctuations called extreme events that oc-
cur within a short period of time or within a small re-
gion in space. This is referred to as intermittency ef-
fects in time and in space . The duration and the
magnitude of the extreme events vary with scales as
well. In summary the change of characteristics of the
climate variations with scales is the general feature of
multi-scale climate phenomena forming some kind of

hierarchy in climate dynamics®* . On the other

climate multi-scale hierarchical structure atmospheric turbulence.

hand the motions in the atmospheric boundary layer
are generally of high-frequency and turbulent be-
cause of high Reynolds number. Turbulent motions
are obvious on multi-scales the statistical characteris-
tics for the motions change with the space and time
scales. Then it is interesting to ask whether there is
the same universal statistical law that is valid for both
climate variations and atmospheric turbulent motions
while the time scales for the two motions are so dif-
ferent. In this paper we will show that both varia-
tions satisfy the same hierarchical similarity law.
What is common behind the two motions is the hier-
archical self-organization for which we will give
some explanation about their physical mechanism.

1 Cooling or warming in climate dynamics

The climate state is characterized by warming
and cooling or by drought and flood and it varies
with the time scales. So it is important to discuss the
climate state under the consideration of the scales. An
example is the calculated monthly-averaged surface
temperature over the Northern Hemisphere since
1851 ° by using wavelet transformation. One found
that the cooling or warming variation magnitudes de-
pend explicitly on the time states the period of the

average see Fig. 1° .
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Fig. 1. Cooling and warming magnitudes at three scales measured by its departures from the mean obtained from climatic time series over

the Northern Hemisphere.

From Fig. 1 it is obvious that the climate
changes vary with the time scales. For example on
the scale of hundred years the period from 1954 to
1976 is warming but on the scale of ten years it is
cooling. Moreover the number of transition points
N from cooling to warming state or from warming to
cooling state increases with the decrease of the dura-
tion of each constant climate state time scales a; u-
nit year . In other words
mate states are observed in shorter time scales. Table

1 shows the number N varying with a; 7 .

more variations in cli-

Table 1. The duration of each constant climate state and the number of
temperature transitions obtained by a wavelet analysis of temperature
time series over Northern Hemisphere

7 1 2 3 4 5 6 7 8

a; a 190 124 85 65 50 30 20 13
N; 1 2 3 5 8 12 21 33

From Table 1 we notice that the time scale de-
creases each time approximately 1.5 times i.e.

G515 1

a;—1

and the climate transition number increases approxi-

mately 1.6 times i.e.
Ni+y
— = a=1.6. 2
N, a 6
So there is the relation between the transition number
N a on the scale aq; and the transition number on

the scale da
N da :%Na:8ff]\7a. 3

Eq. 3 is a similarity relation if 1 « is rewritten as
6~ © then the solution to 3 is

Na =a° 4
where
_ loga _logl.6 5

“ 7 logs ~ logl.5
Eq. 4 indicates that cooling or warming state varies

with the time scales when the time scale decreases

approximately 1.5 times the number of transitions
increases approximately 1.6 times and there is an in-
variant value 7==1.2 which does not vary with the
time scale a. It is called the scaling exponent of cli-
mate cooling or warming state. The scaling is a law
that does not change while the climate varies with

the time scales.

2 Hierarchical similarity of multi-scale fluc-
tuations

The multi-scaling and hierarchy are two related
characteristics for both a long-term climate change
and a short-term high-frequency turbulent fluctua-
tion. This is the central topic of this section. Recent-
ly in the study of the properties of hydrodynamic
turbulence a theory called hierarchical structure the-
ory + 8719 s demonstrated to be a powerful tool for
describing such multi-scale characteristics especially
the similarity relation between fluctuations at differ-
ent time scales and at different magnitudes
chy . The hierarchical structure analysis is based on
the study of the increment variation of

hierar-

vy =l xj+1 —v |

over a scale [ for an arbitrary time series or a spatial
variation where y; can be any physical quantity such
as three components of the velocity the temperature
the humidity and so on x; can be a coordinate in
Then one studies the p-order
structure function written as S, / | 6v; | . The
hierarchical similarity analysis first introduces p-order

which is de-

space and in time

hierarchical structure quantity F, [
fined by

F, 1l =S,410 S, 1 6
where F, [ represents the magnitude of the fluctua-
tions at pth level. Then the theory makes an impor-
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10" there is a statistical similarity be-

tant assumption
tween the dimensionless hierarchical structure quanti-

ties at different scales

F,. !l F, 1 °
p+1 o p
Foo | Ap Fo /

where 0<f3<1 is a universal constant independent of
p or [ which is called hierarchical similarity parame-
ter A, is a constant dependent on p and independent
of . Fe [ 1is defined as

Fo | = limF, [

s
and called the most singular structure of the fluctua-
tions Often

there is a scaling law of the form Fo, [ ocI¥ where

or the most intermittent structure

7 is called the most singular scaling exponent or scal-
ing exponent of the most intermittent structure. Un-
der these considerations the hierarchical structure
theory predicts a formula for the scaling exponents of
the pth-order structure function that is
G, =vp+C1-p 8

this is the She-Leveque SL scaling law widely used
to describe the fluctuation structure of hydrodynamic
turbulence where C is a constant.

This model
received wide support from experiments and numeri-
11=20 and many studies show that the
hierarchical structure theory is applicable to other sys-

after being proposed in 1994 has

cal simulation

Let us normalize 7 to eliminate A, and

Fo [ and get
H,, !l =H, 1°* 9
where
Fp+1 [ Fp+l ZO B
Hyor F, | F, i,

Eq. 9 allows us to do calculation with any time se-
ries and with a plot of the result on the log-log scale
to check whether the hierarchical similarity law is sat-
isfied which is the so-called S-test of the hierarchical
structure theory.

3 Climatic variation state and extreme cli-
mate events

The climatic time series usually exhibits inter-
mittent fluctuations at multiple scales 2° . Fig. 2 is
the temperature time series in Dali and Xiamen over
fifty years since 1951. We have studied its pth-order
structure function to explore the law that climatic
fluctuations obey at different scales

ST ~ 1% 10
where 0T,=|T ¢+ — T ¢t | is the temperature
increment from the climate time series across the time
scale . ¢, is the scaling exponent of p-order struc-
ture function which just like that in formula 4
does not vary with the scale.

tems with complex multi-scale variations 2! ™2 .
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Fig. 2.

Applying the hierarchical structure theory to the
analysis of the climatic temperature time series one
finds that the scaling exponents in formula 8 can be
rewritten as

§ = 7ptve 1 -8 0<<p<l 11
where 7 and v are parameters related to the proper-
ties of the most intense fluctuations
mate events

or extreme cli-

1 Il
1980 1990 2000

Monthly-averaged temperature time series in Dali and Xiamen since 1951.

7y <1 12
3— Do = Voo.
13
Since the most intense fluctuation 67T has the largest
magnitude and occupies the smallest volume
the smallest probability P [  then the parameter ¥
in 12 and 13 takes a minimum value as well as
the parameter Do,

7
STZ | extreme climate l

P [3’1)00

| extreme climate

or has

but the parameter v, takes a
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maximum value 7 . The two parameters calculated
from the climatic time series in the Northern Hemi-
sphere are!

Yy =0.003 ve =1.51 or Do, = 1.49 .

14

The paper’ analyzed the temperature time series
over the Northern Hemisphere and 160 cities in China
and found that the hierarchical similarity law is veri-
fied with these time series. The parameter calculated
from the Northern Hemisphere is $=0.7 but in Dali
and Xiamen they are $=0.49 and 8=0.77 respec-
tively. According to the hierarchical structure theory
the parameter 3 reflects the degree of intermittency of
the time series the smaller the parameter 3 is the
more intermittent the most intense events appear to
be. This is qualitatively verified from a visual inspec-
tion of Fig.2.
several very outstanding intense extreme events and

Dali’ s temperature variations contain

have a much smaller value of 8. This is an example
that the hierarchical structure analysis can help to de-
duce certain characteristics of the fluctuations from
the time series by a statistical calculation. More im-
portantly
the property of the fluctuations to the properties of

the hierarchical structure analysis relates
the extreme events the most intense fluctuations.
These rare events dominate the property because of an
inherent self-organization.

4 Hierarchical structures in atmospheric tur-
bulence

Compared to the long-term climatic variations
the atmospheric turbulence is composed of fluctua-
tions at much shorter time scales with quite different
magnitudes and degree of coherence. It is interesting
to know whether the hierarchical similarity still holds
in high-frequency atmospheric turbulence. Our care-
ful analysis of data from an atmospheric boundary lay-
er indicates that there is good hierarchical similarity in
some quantities in the atmospheric boundary-layer un-
der certain conditions
similarity for some other fluctuation quantities.
Specifically we have applied the hierarchical similari-
ty analysis to time series of temperature and velocity

with two horizontal components and one vertical

but there is no hierarchical

component fluctuations obtained from an atmospher-

1 Chen ]. Studies and investigations on climate multi-scale phenomena and time-series method Ph. D. Dissertation in Chinese

versity  2000.

ic boundary layer measurement. The data set used
here was collected at the State Key Laboratory of At-
mospheric Boundary Layer Physics and Atmospheric
Chemistry  LAPC
Physics the Chinese Academy of Sciences using an
SAT-211 3K  with
sampling frequency 10 s~ ' and 4 meters above the
ground of a flat rice field. The data can be regarded
as a typical sample of characteristic variations in a tur-
bulent flow near the ground.

Institute of Atmospheric

ultrasonic anemometer type

We found that the hierarchical similarity gener-
ally holds in the temperature fluctuations in the atmo-
spheric boundary layer
the velocity fluctuations is more complex which de-
pends on whether the atmosphere is stably stratified
or not and on which component horizontal or verti-

however the situation for

cal is studied. In the situation of unstable stratifica-
tion the vertical velocity fluctuations generally satisfy
the hierarchical similarity but under the stable strati-
fication it generally does not. The horizontal compo-
nents of velocity usually do not satisfy the hierarchical
similarity under either stable or unstable stratifica-
tion. Fig. 3 shows the result of the hierarchical simi-
larity analysis for temperature fluctuations and Fig.
4 for velocity fluctuations.

The linear correlation in the log-log plot of Fig.
3 shows that the temperature fluctuations satisfy the
hierarchical similarity under both the unstable and the
stable stratification. Under the stable stratification
the parameter measured is 8= 0.62 hollow dot
while under the unstable stratification it is 8=0.64
solid dot  they almost have the same value. So the
results here demonstrate that high-frequency
scale temperature fluctuations are governed by the
hierarchical similarity law. The value of hierarchical

small-

similarity parameter is close to the one obtained from
the long-term climatic temperature variations. So
there seems to be an invariant quantity here indepen-
dent of the scales in the temperature fluctuations
across a wide range of time scales.

Fig. 4 shows the results about the vertical veloc-
ity fluctuations. Under the unstable stratification
the plot shows a good linearity see solid dot ~ which
indicates the existence of the hierarchical similarity.
However no linearity appears under the stable strati-

Peking Uni-
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ment Research 2001.
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Fig. 3. Hierarchical similarity analysis of tempera- Fig. 4.
ture fluctuations at stable stratification hollow dot

and unstable stratification solid dot .

Furthermore the
results are different for horizontal velocity. The hier-

fication see hollow dot in a

archical similarity analysis under both the unstable
and the stable stratification are similar and neither
displays good linearity in the hierarchical similarity
analysis plot. Fig. 4 b shows the results of hori-
zontal velocity fluctuations under the unstable stratifi-
cation it is apparent that the points scatter every-
where and can hardly be fitted with a straight line.
Our results are consistent with previous studies 2 %
indicating that the statistical properties of the vertical
velocity fluctuations are different under stable and un-
stable stratifications. For example Gallego et al. %
found that the vertical velocity fluctuations have dif-
ferent correlation dimensions under stable and unsta-
ble stratifications the value of correlation dimension
of vertical velocity under the unstable stratification is
smaller than that under the stable stratification. Our
analysis here shows that the degree of the global orga-
nization is different.

The success of the hierarchical similarity analysis
in describing experiment turbulence has widely been
reported in the literature. The results obtained here
demonstrate that some fluctuations with poor self-or-
ganization within long-time intervals for example
horizontal velocity fluctuations may not have the hi-
erarchical similarity property. So the hierarchical
similarity analysis is an important method to measure

the degree of self-organization in a complex system.
5 Conclusions

In this paper we discuss a new method for char-
acterizing the multi-scale fluctuation signal and apply
it to the analysis of long-term climate variations and

horizontal components b

Hierarchical similarity analysis of velocity fluctuations for vertical component a

stable stratification is indicated by hollow dot and unstable stratification by solid dot. and

unstable stratification .

high-frequency turbulent variations in atmospheric
boundary layers. We show that temperature varia-
tions in climate scales years to hundreds of years
and in atmospheric turbulent scales seconds to
both satisfy the hierarchical similarity law
which is an indication of the degree of the self-organi-

zation. We believe that this is because the basic

hours

mechanism for the generation of temperature fluctua-
tions is the same across the wide range of scales that
is the convective instability. This kind of universality
in the multi-scale temperature variations deserves fur-
ther studies in the future. On the other hand the
analysis on the velocity fluctuations in an atmospheric
turbulent boundary layer shows that fluctuations have
various degrees of self-organization and different de-
gree of intermittency for horizontal and vertical fluc-
tuations and the hierarchical similarity analysis pro-
vides a quantitative way to this measurement. Under
the unstable stratifications the instability mechanism
is strong to produce turbulent fluctuations and the
nonlinear interaction is stronger so that the internal
self-organization of the multi-scale fluctuations of ver-
tical velocity component displays a strong linearity
while the horizontal component fluctuations display a
wide variety of variations which may be un-related
and form no hierarchy. It is worthwhile to point out
that in both long-term climate variations and short-
period turbulent fluctuations the hierarchical similar-
ity law finds its validity under certain conditions. In
this case they provide a way to quantify the system
with for example the hierarchical similarity param-
eter. A more interesting issue to explore in the future
is the universal mechanism for the measured invariant
such as the hierarchical similarity parameter.
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