Commun. Theor. Phys. (Beijing, China) 40 (2003) pp. 53-56
© International Academic Publishers

Vol. 40, No. 1, July 15, 2003

Lame Function and Its Application to Some Nonlinear Evolution Equations*

FU Zun-Tao,"%! LIU Shi-Kuo,! LIU Shi-Da,"? and ZHAO Qiang’

ISchool of Physics, Peking University, Beijing 100871, China

2State Key Laboratory for Turbulence and Complex System, Department of Mechanics and Engineering Science, Peking

University, Beijing 100871, China
(Received October 30, 2002)

Abstract In this paper, based on the Lame function and Jacobi elliptic function, the perturbation method is applied
to some nonlinear evolution equations to derive their multi-order solutions.
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1 Introduction

It plays an important role to find exact solutions of
nonlinear evolution equations in the nonlinear studies.
Many new methods, such as the homogeneous balance
method,' =3 the hyperbolic tangent function expansion
method,*~9 the nonlinear transformation method, -8
the trial function method, 1% sine-cosine method,™) the
Jacobi elliptic function expansion method,'*!3] and so
on,['*=16] have been proposed and applied to get many
exact solutions, from which the richness of structures is
shown to exist in the different nonlinear wave equations.
Furthermore, in order to discuss the stability of these so-
lutions, it is necessary to superimpose a small disturbance
on these solutions and analyze the evolution of the small
disturbance.[!718] This is equivalent to that the solutions
of nonlinear evolution equations are expanded as a power
series in terms of a small parameter €, and multi-order ex-
act solutions are derived. In this paper, on the basis of the
Jacobi elliptic function expansion method, the multi-order
exact solutions of some nonlinear evolution equations are
obtained by means of the Jacobi elliptic functions and
Lame function.!'$:19]

2 Lame Equation and Lame Functions
Usually, Lame equation!'! in terms of y(z) can be
written as
d72y + [A = n(n + 1)m2sn’z]y = 0 (1)
de y - 9
where X is an eigenvalue, n is a positive integer, snz is
the Jacobi elliptic sin function with its modulus being m
0<m<1).
Set

(2)

n =sn’z,
then the Lame equation (1) becomes
d?y 1 (1 1 1 ) dy

+ - - | =
dn2  2\n n—-1 n-—h/dgy

w4+ n(n+ 1)y
- 2T T g0, 3
Tl — D)~ )" )
where
h=m=2>1, p=—h\. (4)

Equation (3) is a kind of Fuchs-typed equations with
four regular singular points n = 0,1, h, and = oo, and
its solution is known as Lame function.

For example, when n = 3, A =
p = —4(1+m~2?), the Lame function is

Ls(z) = n*?(1—n)?(1=h"'n)"/? = snzenzdnz. (5)

When n =2, A = 1+m? ie p= —(1+m2), the
Lame function is

Lo(x) = (1 -2 - 'p)V? = cnzdnz.  (6)

In Egs. (5) and (6), cnz and dnx are the Jacobi ellip-
tic cosine function and the Jacobi elliptic function of the
third kind,*®19] respectively. In the next sections, we will
apply these two kinds of Lame functions Ls(x) and Lo(x)
and their corresponding Lame equations to solve nonlin-
ear evolution systems and to derive their corresponding
multi-order exact solutions.

4(1 + m?), ie.

3 Application to (1 + 1)-Dimensional
Nonlinear Evolution Equation
In this section, we consider an application of Lame
equation to (1+ 1)-dimensional nonlinear evolution equa-
tions. Here we use combined mKdV-KdV equation to il-
lustrate this case.
The combined mKdV-KdV equation reads
3
%—&-(a—k’yu)u%—i—ﬂ%zo. (7)
We seek its travelling wave solutions of the following
form:

u=ule), E=kx—ct),

(8)
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where k and ¢ are wave number and wave speed, respec-
tively.
Substituting Eq. (8) into Eq. (9), we have
3

—cd—£+(a+7u)uj—€+ﬁ2j§3:0. 9)

Integrating Eq. (9) once with respect to £ and taking
the integration constants as zero, we get
2 T3
—_— 4+ = u —cu=0.
Bk d§2 3 +gut
Here we consider perturbation method and setting

(11)
where ¢ (0 < € < 1) is a small parameter, ug, w1, and usg
represent the zeroth-order, first-order, and second-order
solutions, respectively.

Substituting Eq. (11) into Eq. (10), we derive the fol-
lowing systems of the zeroth-order, the first-order, and the
second-order equations

(10)

2
U=1uy+euy +€u+---,

dug 7y @
e 5#d8-+?£+5%—mm=0, (12)
d2
el pE? d§u21 + [yud + aug — cJuy =0, (13)
and
ﬁsz d§2 + [yud + aug — cJug = — (fyuo + %)u% [(14)
The zeroth-order equation (12) can be solved by the
Jacobi elliptic sine function expansion method. The
ansatz solution
Ug = ag + a;sné (15)

can be assumed.
Substituting Eq. (15) into Eq. (12), the expansion co-
efficients ag and a; can be easily determined as

6
aoz——a s (],1 ::l: _7ﬁmk7
2y Y

a? a?
= R S— 16
¢ ’ 128v(1 + m?)’ (16)

so the zeroth-order exact solution is

ug = _ 2y _56 mksn¢.
2y ¥

Substituting the zeroth-order exact solution (17) into
the first-order equation Eq. (13) yields

d2U1
dgz?
which obviously is just a Lame equation as Eq. (1) with

(17)

+[(1+ m2) - 6m25n2§]u1 =0, (18)

n =2 and A = (1 +m?), then the Lame equation Eq. (1)
reduces to
d?y 2 2.2
d2+[(1+m)—6msnx]y=0. (19)
So the solution of Eq. (18) is
— ALy(€) = Aenédne, (20)

where A is an arbitrary constant, and equation (20) is the
first-order exact solution of combined mKdV-KdV equa-
tion (7).

In order to solve the second-order equation (14), the
zeroth-order exact solution Eq. (17) and the first-order ex-
act solution Eq. (20) have to be substituted into Eq. (14),
thus the second-order equation (14) is rewritten as

d27.L2

gz

+ (1 +m?) — 6m2sn?¢Jusy

6 mA2
-+ oy m
B8k
It is obvious that this is an inhomogeneous Lame equation
with n = 2 and A = (14+m?). Its solution of homogeneous

equation is just the same as Eq. (20) and its special solu-
tion of inhomogeneous terms can be assumed to be

snécn2€dn?e.

(21)

Uy = by sné + bysn3¢. (22)

Substituting Eq. (22) into Eq. (21), we can determine
the expansion coefficients b; and b3 as

1+m? [ 6y A2 6y mA®

2m V' B8k’ Bk
so the second-order exact solution of combined mKdV-
KdV equation Eq. (7) can be written as

67 (1 +m?)A? 2m?
Fy/—————F—sn
6 12mk

1+ m?

4 Application to (1 + 2)-Dimensional

Nonlinear Evolution Equation

In the above section, we discuss the application of
the Lame equation under the condition of n = 2 and
A = (1 +m?) to the (1 + 1)-dimensional nonlinear evo-
lution equation and get the multi-order exact solutions to
combined mKdV-KdV equation. We know that the Lame
equation Eq. (1) has another form under the condition of
n =3 and \ = 4(1 +m?). There it reduces to

d3y

da?
and the solution to Eq. (25) is Eq. (5). Next, we will
illustrate the application of Eq. (25) to solve (1 + 2)-
dimensional nonlinear evolution equations. Here we use
KP equation as an example.
KP equation reads

0 6u 3u co 0%u
LACTR L £ T
Oz \ Ot oz 2 Oy

We seek its travelhng wave solution in the following
frame:

bgz:l:

bl =+ ) (23)

U =

gﬁ— sﬁq.ag

+ [4(1 +m?) — 12m?sn?z]y = 0, (25)

=0. (26

u=u(§),
where k£ and [ are wave number in the directions of z and
y, respectively and w is angular frequency. Then equa-
tion (27) can be rewritten as

d du du s d3u 2du
d{;‘( g Thuge TOk d§3) 3 ae

E=kax+ly—wt, (27)

=0, (28)
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which can be integrated twice with respect to £ and if the
integration constants are set at zero, then equation (28)
becomes

ﬁk4(:122 + %2u2 - (wk - %012>u =0. (29)
Set b e
a=3 3w (30)
thus equation (29) is rewritten as
ﬁkQ— + 1u2 —cu=0. (31)

dgz

Combining Egs. (11) and (31), we can get the multi-

order expansion equations, for example, the zeroth-order
equation is

1
0. 2 d _
e pk d§2 04 uo cug =0, (32)
the first-order equation is
1 2 d2U1
€ ﬂk d§2 + (Uo - 01)u1 = O, (33)
and the second-order equation is
d? 1
. pk? d;ﬁ (up — c1)ug = —iuf (34)

The zeroth-order equation (32) can be solved by the
Jacobi elliptic sine function expansion method when the
ansatz solution

up = ag + a1 sné + assn¢ (35)
is introduced.
Substituting Eq. (35) into Eq. (32) leads to
ug = ¢ +4(1 + m?)Bk? — 12m2Bk*sn%¢,  (36)

which is the zeroth-order exact solution of KP equation.
Substituting the zeroth-order exact solution (36) into
the first-order equation (33) results in

d2
% + [4(1 +m?) — 12m?*sn’z]u; =0, (37)
which is just the same as Eq. (25), so its solution is
up = AL3(§) = Asnécenédné, (38)

where A is an arbitrary constant.

In order to solve the second-order equation (34), it is
necessary to substitute the zeroth-order solution (36) and
the first-order solution (38) into Eq. (34), then we can get
dQUQ

de?
from which the second-order exact solution can be deter-
mined as

2
(L m?)12mPsna]u = — - snPEenean’ . (39)

A2

m[l — 2(1 =+ m2)8n2§ + 3m28n4§] . (40)

Ug = —

5 Application to Coupled Nonlinear System

In the above two sections, we discussed the application
of the Lame equation and Lame functions to single non-
linear equations, and their different multi-order solutions

are given. In this section, we will apply the Lame equation

and Lame functions to coupled nonlinear systems. Here
we consider coupled KdV equations, which reads
ou ou u v
— — — — =0, 41
o e e T s (41a)
v 61} O(uv)
— 49 =0. 41b
ot " or T or (41b)
We solve it in the following frame:
u=u(), v=v(§), E{=klz—c),  (42)
thus equation (41) becomes
d?
Bde—;—F u —cu—!—gv =0, 5uv+%02—cv207(43)

where integration has been taken once with respect to &,
and integration constants are set at zero.

The solutions to Eq. (43) can be expanded as a multi-
order power series by applying perturbation method, i.e.,

(44a)
(44b)

UZU()+EU1+62’LL2+"- s
v:v0+evl+621)2+-~- ,

where € (0 < € < 1) is a small parameter.
Substituting Eq. (43) into Eq. (44) leads to the multi-

order equations, for example, the first three-order equa-
tions are

d?ug H
Bk? e —ug — cug + 508 =0, (45a)
dugvg + 51}8 —cvg =0, (45Db)
9 d2%u
Gk d§2 + (aup — ¢)ur + pvov; =0, (46a)
d(upv1 + vou1) + yvovy — cv; =0, (46Db)
and
ey
ﬁkQ d£2 + (aug — c)us + pgvs = —§uf - gv%, (47a)

= —duvy — %v% (47Db)

The zeroth-order equation Eq. (45) can be solved by
Jacobi elliptic sine function expansion method when the
ansatz solution

0(ugve + vousa) + Yvova — cv2

up = ag + a1 sné + assn¢, vy = by + bysné + basn?¢ .(48)
Substituting Eq. (48) into Eq. (45) yields

 (Aps + e AL+ m?)By2k?
C4ps? + an? 41162 + ay?
12m?23~2k?
— msn2§, (49&)
o 20 —a)ye 81 + m?)Byok?
07 7 4082 + an? 4p6? + ay?
24m?2By6k?
I EE sn¢ . (49Db)

It is obvious that there exists the following relation be-
tween ug and v,

Yo + 20ug = 2c. (50)
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Considering the relation Eq. (50), we substitute the vy = —@ug. (53b)
zeroth-order solution Eq. (49) into the first-order equa-
tion (46) to get Similarly, its solution is

d2

UL 40+ m?) — 12m2sneuy =0, (5la)  ,, _ (0 +ar?)A?
d¢ 48372k2
24
v = — . (51b) x [1 —2(1 4+ m?)sn?¢ + 3m?sn *¢], (54a)
26 4ps? 2§ A?

Obviously, equation (51a) is the Lame-typed equation Vg = ——Ug = (4 5 4+ aglz)

Eq. (25), the first-order exact solution to Eq. (51) is &8
92 x [1 —2(1 4+ m?*)sn?¢ + 3m?sn¢]. (54b)

uy = AL3(§) 5 v = —?AL3(§) : (52)

In order to solve the second-order equations of coupled
KdV equations (47), we have to substitute the zeroth-
order solution (49) and the first-order solution (52) into
Eq. (47), then we can obtain the rewritten second-order
equations
dPuy + [4(1 +m?) — 12m*sn*¢Ju
ez 2

2 2 42
- _ Msn2§cnzfdn2£ ,

352k (53a)

6 Conclusion and Discussion

In this paper, the Lame equation and Lame functions
are applied to solve nonlinear (1+ 1)-dimensional, (14 2)-
dimensional and coupled evolution equations. When per-
turbation method and two kinds of Lame functions Ls(x)
and Lo(z) are considered, then the multi-order solutions
to these nonlinear evolution systems are obtained. The
results got in this paper are very important for nonlinear
instability analysis of nonlinear waves.
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