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Abstract The new solutions to elliptic equation are shown, and then the elliptic equation is taken as a transformation
and is applied to solve nonlinear wave equations. It is shown that more kinds of solutions are derived, such as periodic
solutions of rational form, solitary wave solutions of rational form, and so on.
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1 Introduction

We have taken elliptic equation as an intermediate
transformation to solve nonlinear wave equations,* 3! and
obtained many periodic solutions and solitary wave solu-
tions. However, there are still more researches needed to
find more solutions of different forms. In Ref. [4], we de-
rived periodic solutions of rational forms, which are due
to external forcing. It is an interesting issue to apply dif-
ferent methods to obtain this kind of solutions of rational
forms. In this paper, we will revisit the elliptic equation
methods,l and show that we can construct this kind of
solutions of rational forms just by the elliptic equation
methods.[!]

2 KdV Equation
KdV equation!® reads

Ut + Uty + BUgzr = 0. (1)
We seek its travelling wave solutions in the following frame
u=u(§), {=k(z—ct), (2)

where c¢ is wave velocity, and k is wave number.
Substituting Eq. (2) into Eq. (1) and integrating once
yields

1
—cu + §u2 + Bk’ = C, (3)

where C' is an integration constant. And then we suppose
that equation (1) has the following solution

n
w=u(y) =Y biy’, y=y(&), (4)
j=0
where y satisfies the elliptic equation/®]
i=4
y/2 - Zaiyia a4 # 07 (5)
i=0

where y' = dy/d&, then

3
"= C;—l + agy + %yQ + 2a41° . (6)

Obviously, two special cases of Eq. (5) are

Y 2
a bty (7)
and
W R+ ) 0
d¢ ’
which were introduced by Fanl® and Yan et al.,[" respec-

tively.

Here n in Eq. (4) can be determined by the partial bal-
ance between the highest order derivative terms and the
highest degree nonlinear term in Eq. (1). Here we know

that the degree of u is
O(u) = O(y") =n, 9)
and from Egs. (5) and (6), one has

O@?)=0(y") =4, O@")=0(")=3,  (10)
and actually one can have
OyW)y=1+1. (11)
So one has
O(w)=n, OW)=n+1,
OW”)=n+2, O@WY)=n+1. (12)

For KdV equation (1), we have n = 2, so the ansatz
solution of Eq. (4) can be rewritten as

u="Dbo+ by +boy?, by #0, (13)
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then we can derive new solutions to Eq. (1),
u? = b(g) + 2b0b1y + (2b0b2 + b%)yZ up = bg + b2y2 =c— 261{72(1 + m2)
+ 2b1b2y3 + b§y4 , (14) . 3ﬂk2(1 — m2)cn2(§, m) (23)
p 1 [1+sn(&,m)]? ’
u = (§a1b1 + 2&0()2) + (a2b1 + 3a1b2)y and
3 _ 2 2 2
+(§a3b1+4a2b2)y2 uz = bo + bay” = ¢ —20k*(1 + m?)
38k%(1 — m?)en?(€,m)
+ (2a4by + 5asby)y® + 6agboy? . (15) - [ = sn(é, m)]2 (24)
Substituting Eqs. (13) ~ (15) into Eq. (3) and collecting () If ap = —(1 — m?)/4, as = (1 + m?)/2, and
each order of y yields algebraic equations about coeffi- 4, — —(1 —m2)/4, then the solutions to Eq. (20) are
cients bjl (j=0,1, 2i and a; (1 =0,1,2,3,4), i.e., . dn(é,m) o5)
—cbg + = b2 + BK? (falbl + 2a0b2) -C=0, (16a) 1+ msn(§,m)
2 2 and
—cby + bpby + 5]62(@2171 + 3a1b2) =0, (16b) Yy = dn(§,m) (26)
1 , ,/3 1—msn(&,m)’
—cby + 5(2[)062 +01) + Bk (§a3b1 +4a2b2> =0, (A60)  pere dn(&,m) is Jacobi elliptic function of the third
bibs + Bk (2aabs + Sagbs) = 0, (16d) kind[®8=1% and new solutions to Eq. (1) are
1 uz = bg + bay® = ¢ — 2Bk*(1 +m?
503 + 68k aby =0, (16¢) sy 62 ( )
. 38k%(1 — m?)dn” (&, m) (27)
from which we have 1+ msn(E,m)2
by = —128k%ay, by = —60k%as, and
38k2a2 _ 2 _ . 9ap2 2
bo = ¢ — 48k as + ﬁ4a =3 (17) ta = bo+bay” = ¢ = 26k (1 +m’)
. . ! | 38K (1= m?)dn’(€,m) (28)
At the same time there is i [T = sn(2, m)]2 .
a1 = £<a2 - &) ) (18) (iii) Ifap = m2/4, as = —(2—m?)/2, and ay = m?/4,
2a.4 day then the solutions to Eq. (20) are
So if az = 0, then
_ msn(&,m) (29)
bi=a1 =0, by=—128kay, by=c— 4Kz, (19) YT (g, m)”
and transformation (5) takes the following form and
2 2 4 Yo = _msn(€m) : (30)
y'? = ao + a2y’ + asy”, (20) 1—dn(&, m)
which has many more kinds of solutions, some of which ~New solutions to Eq. (1) are
we have shown in Refs. [1] ~ [3]. Actually, there are more us = by + boy® = c + 26k%(2 — m?)
other kinds of solutions to Eq. (20). Next we will show 3 Gk2mAsn?
some solutions of rational forms expressed in terms of dif- _ 3 nZl s (€ 7721) ) (31)
ferent elliptic functions.[®! [1 +dn(&, m)]
(i) Ifap=(1-m2)/4, ap = (1 +m?)/2 and ay = and
(1—m?)/4 (where 0 < m < 1, and m is called modulus of ug = by + bay? = ¢ + 28k*(2 — m?)
Jacobi elliptic functions, see Refs. [5] and [8] ~ [10], then 38k2mAsn2 (€, m)
the solutions to Eq. (20) are - (32)

_ _cn(§m)

~ 1+sn(m)’
where sn(§,m) and cn(§,m) are sine and cosine Jacobi
elliptic functions, respectively,!®8=10 and
_ _cn(§m)

~ 1—sn(&,m)’
These are two new solutions to Eq. (20) which are not
shown in Refs. [1] ~ [3]. So based on the above results,

Y1 (21)

Y2 (22)

[1 —dn(§,m)]?
It is known that when m — 1, sn(§,m) — tanh¢,

cn(€,m) — sech &, dn(€, m) — sech &, so new solutions to
Eq. (1) are

36k?tanh?(€)
s =bo +boy? = c+28k% - S S
us o +b2y” =c+20 [+ sech(6)]2 (33)
and
30k*tanh®
gy = bo + boy?® = ¢+ 23K2 — SOFtARIT(E) g

[1 = sech(§)]*
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(iv) If ap = 1/4, az = (1 —2m?)/2, and a4 = 1/4,
then the solutions to Eq. (20) are

sn(&,m)

Y7 = H—T(&m) ) (35)
and ( )
_osn(§,m
Ys = T({,m) . (36)
New solutions to Eq. (1) are
uy = by + b2y2 =c— Qﬁkz(l — 2m2)
38k2sn?(&,m)
e )P o
and
ug = by + bay? = ¢ — 26k*(1 — 2m?)
B 3Bk3sn?(¢, m) (38)

[1—cen(§m)?
Similarly, when m — 1, the solutions u; and ug reduce
to solutions us and wug .
(v) Ifag=1/4, as = —(2—m?)/2, and ay = m*/4,
then the solutions to Eq. (20) are

sn(&,m)

BT dn(&,m)’ (39)
and
sn(§,m)
=" 4
Y10 1~ dn(€,m) (40)
New solutions to Eq. (1) are
ug = bg + bay? = ¢ + 28k*(2 — m?)
2,402
~ 3Bk*msn* (¢, m) 7 (41)
[1 4 dn(&,m)]?
and
u10 = bo + bay® = ¢+ 20k*(2 — m?)
2,42
_ 3Bk“m"sn (&m) (42)

[1—dn(§,m)]* ~
which are the same as Eqgs. (31) and (32), respectively.

3 Klein—Gordon Equation

Nonlinear Klein—Gordon equation reads

Ugpp — cgum +ou—pud=0. (43)
Substituting Eq. (2) into Eq. (43) leads to
u” 4+ oqu— fu® =0, (44)
where
o B
S S 45
o k2(c? — )’ & k2(c2 —c3) (45)

Similarly, assuming that the solutions of Eq. (43) take
the form of Eq. (4), we can get n =1 for Eq. (43), i.e.,

uw="bo+by, b1 #0, (46)

where y satisfies elliptic equation (5).
Eq. (46) into Eq. (44) leads to

Then substituting

2(14 as \/ﬁ
by =+ 24 pp=t2 L 47
' B 0 261V 2a4 47)
and
3a3 (a3 — 8ayaq)as
=— —2 = 48
="ty @ 16a2 (48)
If a3 = 0, then by = a; = 0 and
2
b=t/ 2%, ay=—a, (49)
B
then the transformation takes the following form
y'"? = ag + asy?® + asy’. (50)

This is an elliptic equation, which also has many kinds of
solutions. There exist many kinds of solutions expressed
in terms of different Jacobi elliptic functions.[®) We show
some solutions just like what we have done in the former
section next.

(i) fap = (1—-m?/4, aa = —a; = (1 +m?)/2,
and ag = (1 —m?)/4, then the solutions to Eq. (20) are
Egs. (21) and (22), so the solutions to Eq. (43) are

1—m2 cn(g,m)
261 1+sn(g,m)’

and
1—m?2 cn(&,m)
261 1—sn(¢,m)

with constraints a; < 0 and 3; > 0.

(i) Ifap = —(1—m?/4, ag = —a; = (1 +m?)/2,
and aq = —(1 —m?)/4, then the solutions to Eq. (20) are
Egs. (25) and (26), so the solutions to Eq. (43) are

Ug = bly ==+ (52)

1-m2?  dn(§,m)

=by==%
s =0y 2681 1+msn(&,m)’

(53)

and
1—m2 dn(¢,m)
23 1-— msn(&, m)

Ug = bly =% (54)
with constraints oy < 0 and 31 < 0.

(iii) If ap = m?/4, as = —a; = —(2 —m?)/2, and
ay = m?/4, then the solutions to Eq. (20) are Eqgs. (29)
and (30), so the solutions to Eq. (43) are

B B m2 msn(§,m)
eEh =g T anem )
and
B B m? msn(&,m)
vo =0 =55, T du(e, m) (56)

with constraints oy > 0 and 3; > 0.
(iv) Ifay = 1/4, aa = —a; = (1 —2m?)/2, and
as = 1/4, then the solutions to Eq. (20) are Egs. (35)
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and (36), so the solutions to Eq. (43) are

B B 1 sn(&,m)
N g Ty O
and
B B 1 sn(&,m)
U8 == o T en(e,m) %8)

with constraint 5, > 0.
Of course, we can have more solutions if we do not
take ag = 0. We do not discuss this here.

4 Conclusion

In this paper, we consider elliptic equation as a trans-
formation to solve nonlinear wave equations. More kinds

of solutions can be got from there for more new solu-
tions to elliptic equation, including periodic solutions of
rational forms and solitary wave solutions constructed
in terms of hyperbolic functions of rational forms. And
applying of transformation (5) to some nonlinear wave
equations, the obtained solutions have not been ob-
tained by the sine-cosine method,'” the homogeneous
balance method,"2=14 the hyperbolic function expan-
sion method,[6:15:15] the Jacobi elliptic function expansion
method,'"18] the nonlinear transformation method, 920!
the trial function method,2%22] and others.[23-26
applications of new solutions of elliptic equation to solve

I So more

other nonlinear wave equations are also applicable and de-
served.
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