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Abstract

In this Letter, by applying the Jacobi elliptic function expansion method, the periodic solutions for three coupled nonlinea
partial differential equations are obtained.
 2005 Elsevier B.V. All rights reserved.

PACS: 03.65.Ge

Keywords: Jacobi elliptic function; Periodic wave solution; Nonlinear partial differential equation

1. Introduction

Recently, Hu presented a new method finding exact traveling wave solutions of coupled nonlinear different
equations[1,2]. This new ansatz method, in which a simple rational polynomial relation is assumed to exist b
dependent variables in the coupled differential equations, was successfully applied to obtain some new solution
to three kinds of coupled differential equations of mathematical physics. However, there only some soliton
solutions were derived and some conditions are coarse. In this Letter, by using the Jacobi elliptic function ex
method[3–5], we obtain the periodic solutions for a class of coupled nonlinear partial differential equations,
play an important role in modern physics.
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2. Periodic solutions for coupled nonlinear plasma system

The coupled nonlinear plasma system[6,7] reads

(1a)uxx = α1u + α2uv,

(1b)vxx = β1v + β2v
2 + β3u

2,

whenβ3 = 0, this implies thatv is independent onu. Hu [1,2] obtained some new soliton-like solutions to Eqs.(1).
By using the Jacobi elliptic function expansion method[3–5], u andv can be expressed as

(2a)u = a0 + a1 snξ + a2 sn2 ξ,

(2b)v = b0 + b1 snξ + b2 sn2 ξ,

whereξ = kx, snξ is the Jacobi elliptic sine function[8–11].
Substituting Eqs.(2) into Eqs.(1) leads to a set of algebraic equations for sni ξ (i = 0,1,2,3,4), from which

one has

a1 = b1 = 0, b2 = 6m2k2

α2
, a2 = ±

√
α2 − β2

β3
b2,

a0 = ∓
√

α2 − β2

β3

[
2(1+ m2)k2

α2
+ α2β1 − 2α1β2

2α2(α2 − 2β2)

]
,

b0 = −2(1+ m2)k2

α2
− 2α1α2 − 2α1β2 − α2β1

2α2(α2 − 2β2)
,

(3)k2 = (α1 + α2b0)a0

2a2
= (β1 + β2b0)b0 + β3a

2
0

2b2
,

with m (0 < m < 1) is the modulus.
So, the periodic solutions to coupled nonlinear plasma system(1) are

(4a)u = a0 + a2 sn2 ξ = (a0 + a2) − a2 cn2 ξ = a0 + a2

m2 − a2

m2 dn2 ξ,

(4b)v = b0 + b2 sn2 ξ = (b0 + b2) − b2 cn2 ξ = b0 + b2

m2 − b2

m2 dn2 ξ,

where cnξ and dnξ are the Jacobi elliptic cosine function and Jacobi elliptic function of the third kind[8–11].
Whenm → 1, Eqs.(4) reduce to the following solitary wave solutions

(5)u = (a0 + a2) − a2 sech2 ξ, v = (b0 + b2) − b2 sech2 ξ.

3. Periodic solutions for coupled physical system

The coupled physical system[12,13]reads

(6a)uxx = α1u + α2u
3 + α3uv2,

(6b)vxx = β1v + β2v
3 + β3v

(
u2 − 1

)
.

Similarly, we seek the periodic solutions of Eqs.(6) in the form

(7)u = a0 + a1 snξ, v = b0 + b1 snξ, ξ = kx.
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Substituting(7) into Eqs.(6) leads to the following results

a2
0 = α3(β1 − β3) − α1β2

α2β2 − α3β3
, b2

0 = α1β3 − α2(β1 − β3)

α2β2 − α3β3
,

b2
1 = 2k2m2(α2 − β3)

α2β2 − α3β3
, a2

1 = 2k2m2(β2 − α3)

α2β2 − α3β3
,

(8)k2 = − (α1 + 3α2a
2
0 + α3b

2
0)a1 + 2α3a0b0b1

(1+ m2)a1
= − (β1 − β3 + 3β2b0 + β3a

2
0)b1 + 2β3a0b0a1

(1+ m2)b1
.

Whenm → 1, (7) reduces to

(9)u = a0 + a1 tanhξ, v = b0 + b1 tanhξ, ξ = kx.

Similar to(7), we have

(10)u = a0 + a1 cnξ, v = b0 + b1 cnξ, ξ = kx,

with a0 andb0 same as(8), but

b2
1 = −2k2m2(α2 − β3)

α2β2 − α3β3
, a2

1 = −2k2m2(β2 − α3)

α2β2 − α3β3
,

(11)k2 = (α1 + 3α2a
2
0 + α3b

2
0)a1 + 2α3a0b0b1

(2m2 − 1)a1
= (β1 − β3 + 3β2b0 + β3a

2
0)b1 + 2β3a0b0a1

(2m2 − 1)b1
,

and

(12)u = a0 + a1 dnξ, v = b0 + b1 dnξ, ξ = kx,

with a0 andb0 same as(8), but

b2
1 = −2k2(α2 − β3)

α2β2 − α3β3
, a2

1 = −2k2(β2 − α3)

α2β2 − α3β3
,

(13)k2 = (α1 + 3α2a
2
0 + α3b

2
0)a1 + 2α3a0b0b1

(2− m2)a1
= (β1 − β3 + 3β2b0 + β3a

2
0)b1 + 2β3a0b0a1

(2− m2)b1
.

Whenm → 1, (10)and(12) reduce to

(14)u = a0 + a1 sechξ, v = b0 + b1 sechξ, ξ = kx.

4. Periodic solutions for generalized DS equations

The generalized Drinfelf–Sokolov (DS for short) equations[14] can be written as

(15a)ut + α1uux + β1uxxx + γ
(
vδ

)
x

= 0,

(15b)vt + α2uvx + β2vxxx = 0.

We seek the traveling wave solutions of Eqs.(15) in the form

(16)u = u(ξ), v = v(ξ), ξ = k(x − ct),

wherek andc are wave number and wave speed, respectively.
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Substituting(16) into (15), we have

(17a)−c
du

dξ
+ α1u

du

dξ
+ β1k

2d3u

dξ3 + γ
d

dξ

(
vδ

) = 0,

(17b)−c
dv

dξ
+ α2u

dv

dξ
+ β2k

2d3v

dξ3
= 0,

In order to solve Eqs.(17), the following transformation

(18)w = vδ/2,

is introduced, then Eqs.(17)can be rewritten as

(19a)−c
du

dξ
+ α1u

du

dξ
+ β1k

2d3u

dξ3 + 2γw
dw

dξ
= 0,

(19b)−cw2dw

dξ
+ α2uw2 dw

dξ
+ β2k

2
[(

2

δ
− 1

)(
2

δ
− 2

)(
dw

dξ

)3

+ 3

(
2

δ
− 1

)
w

dw

dξ

d2w

dξ2 + w2 d3w

dξ3

]
= 0.

Similarly, the formal solutions can be written as

(20a)u = a0 + a1 snξ + a2 sn2 ξ,

(20b)v = b0 + b1 snξ + b2 sn2 ξ.

Substituting(20) into (19), we have

a1 = b1 = 0, a2 = −2(4+ δ)(2+ δ)m2β2k
2

α2δ2 ,

(21)b2 = ±2m2k2

α2δ2

√
β2(4+ δ)(2+ δ)

γ

[
6δ2α2β1 − (4+ δ)(2+ δ)α1β2

]
,

and [−c + α2a0 − 4
(
1+ m2)β2k

2]b0 + 6

(
2

δ
− 1

)
β2k

2b2 = 0,

2

[
α2a2 + 3m2

(
6

δ
+ 1

)
β2k

2
]
b0 +

[
−c + α2a0 − 16

δ2

(
1+ m2)β2k

2
]
b2 = 0,[−c + α1a0 − 4

(
1+ m2)β1k

2]a2 + 2γ b0b2 = 0,

(22)

2

[
−c + α2a0 − 4

(
6

δ
− 1

)(
1+ m2)β2k

2
]
b0b2 + 2

(
2

δ
− 1

)(
4

δ
− 1

)
β2k

2b2
2 + (

α2a2 + 12m2β2k
2)b2

0 = 0

from whicha0, b0, k andc can be determined.
Thus, the periodic solution to the generalized DS equations are

(23a)u = a0 + a2 sn2 ξ = (a0 + a2) − a2 cn2 ξ = a0 + a2

m2 − a2

m2 dn2 ξ,

(23b)v = w2/δ = (
b0 + b2 sn2 ξ

)2/δ = [
(b0 + b2) − b2 cn2 ξ

]2/δ =
[
b0 + b2

m2 − b2

m2 dn2 ξ

]2/δ

.

Whenm → 1, Eqs.(23) reduce to

(24)u = (a0 + a2) − a2 sech2 ξ, v = [
(b0 + b2) − b2 sech2 ξ

]2/δ
.



S. Liu et al. / Physics Letters A 336 (2005) 175–179 179

ere
e helpful
5. Conclusion

In this Letter, we apply the Jacobi elliptic function expansion to solve three coupled nonlinear systems, th
many periodic wave solutions and shock wave or solitary wave solutions are derived. These solutions ar
in understanding the problems in modern physics.
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