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Abstract In this paper, by applying the Jacobi elliptic function expansion method, the periodic solutions for two

coupled nonlinear partial differential equations are obtained.
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1 Introduction

In 2002, Yao and Lil! and Liu and Liuf? presented
a new method for finding exact travelling wave solutions
of some coupled nonlinear differential equations. How-
ever, there only some soliton-like solutions were derived
and some conditions are coarse. In this letter, by using
the Jacobi elliptic function expansion method,®=5 we ob-
tain the periodic solutions for two coupled nonlinear par-
tial differential equations, which play an important role in
modern physics.

2 Periodic Solutions for DSW Equations

The classical Drinfel’d-Soklov—Wilson (DSW for
short) equationsl®! read

(1a)
(1b)

uy + aqvv, =0,
Up + QoUV, + A3VUL + BUpzz = 0.

We seek the travelling wave solutions of Egs. (1) in the
form

u=u(f), v=wv(), &=k(xz—ct), (2)
where k and ¢ are wave number and wave speed, respec-
tively. Substituting Eqgs. (2) into Egs. (1), we have

dv

u
_04d§ +a1vd§ :07 (33)
dv dv du d3v

By wusing the Jacobi elliptic function expansion
method, 39 4 and v can be expressed as

u = ag + ay sné + agsn¢, (4a)
v="bg+bysn& (4b)
with a3 + b7 # 0, where sn¢ is the Jacobi elliptic sine
function.[”—*]
Substituting Eqs. (4) into Egs. (3) leads to
(—cay + arboby) + (—2cag + a1b3)sné =0, (5a)

[—Cbl + OéQ(l()bl + a3a1b0 — /Bkz(l + mz)bl]
+[a2a1b1 + a3(2a2b0 + a1b1)] snf

+(aagby + 203a2b1 + 68k>m2by|sn¢ =0, (5Db)

with m (0 < m < 1) is the modulus.
From Egs. (5), we have

k(1 2
o1 =bo =0, ao:cw;—ﬂ”,
2

68k2m?
as +2a3’

128k2m2c

as = -
2 al(a2+2a3)

So, the periodic solutions to the classical DSW equa-
tions (1) are

c+ BE3(1+m?) B 63k>m?

_ 2
u = - P sn“g, (7a)
[ 12Bk2m2c
=+y/————sné. b
v O[l(OéQ + 20[3) hng ( )

When m — 1, equations (7) reduce to the following
solitary wave (shock wave) solutions:

2 2
u = ¢+ 2Bk — 64k tanh?¢
a9 o + 2043
128k?2
v==4 bk*c tanh & . (8)

B Oél(OéQ + 20(3)

Similar to Egs. (4), the ansatz solution can be taken
as

u=co+c1ené + coen’e,

v=dy+dicné

with c3+d? # 0 and where cn € is the Jacobi elliptic cosine
function.l”—?]

Substituting Eqgs. (9) into Egs. (3) yields
c— Bk%(2m? — 1)

cir=dg=0, co= ;
(&)

*The project supported by National Natural Science Foundation of China under Grant Nos. 90511009 and 40305006

TCorrespondence author, E-mail: fuzt@pku.edu.cn



426 LIU Shi-Da, FU Zun-Tao, and LIU Shi-Kuo Vol. 48
6k?m? [ 12k2mc (10) (aas + 126k*m?)er + 2aa1c2 = 0, (16;)
c = = 5 = -, < .
>T e +2a3 ! o (az + 20i3) (awag + 248k*m>)by = 0, (16Kk)
Then, the another periodic solutions to the classical (qag + 248k*m?)cy = 0. (161)

DSW equations (1) are

— BK2(2m? — 1 k*m?
wo CZPEEMT L) | BBKTMT e (q1a)
() as + 203
125k2m?
v=d=4 Mcnf. (11b)

ag (e + 2a3)
When m — 1, equations (11) reduce to the following
solitary wave solutions:
c— Bk? 63k>

= h?
u - +a2+2a3 sech®& |

128k2%¢
(65} (CMQ =+ 20[3)

v = sech§. (12)

The solutions (8) and (12) are the same as given in
Ref. [1].

3 Periodic Solutions for Hirota—Satsuma
Coupled KdV Equations

The Hirota-Satsuma coupled KdV equations0:14

reads
ug + (U, — vwy — wug) + Puge, =0, (13a)
Vg — Uy — 20V, = 0, (13b)
W — QUW, — 2BWapr = 0. (13c¢)

Similarly, the periodic solutions of Eqgs. (13) in the
travelling wave frame,

u=u(), v=uv), w=w(),
E=k(x—ct), (14)
can be written as
u:a0+alsnf+agsn2§7
v = by + by sné + by sn?¢,
w = co + c1sné + ca5n%E (15)

with the constraint as # 0.
Substituting Eq. (15) into Egs. (13) leads to the fol-
lowing results
[—c+ aag — BE*(1 +m?)]ar — a(boer + bico) = 0, (16a)
aa? — 2a(bocy + bycy + bacy)

+2[—c + aag — 4k*(1 +m*)]ag = 0, (16b)
3(aay + 26k*m?)a; — 3a(bicy + bacy) =0, (16¢)
(cvag + 128k*m?)ag — 2abycy = 0, (16d)
[c + aay — 2Bk*(1 +m?)]by =0, (16e)
[c + aag — 2Bk*(1 +m?)]e; =0, (16f)
2[c + 2aag — 8Bk*(1 +m?)]by + aab; =0, (16g)
2[c + 2aag — 8Bk (1 +m?)]cy + aac; =0, (16h)
(caz + 128k*m?)by + 20a1by =0, (16i)

For the system (16), two cases must be considered.
The first one is a1 = b; = ¢; = 0, then we have

88k%(1+m?) — ¢ 243k*m?
ap = , Gy =,
200 o
144 2]{34 4 k2 2
bacs = SR s by = 2OOC g
o o

So the periodic solution to the coupled system (13) is

8Bk%(1+m?) —c  24Bk*m?*
U= — sn-¢,
2a o

v ="y +bysn?¢, w=cy+ cosné (18)
with bo, be, co, and ¢y satisfying the constraint (17).
When m — 1, equation (18) reduces to
168k% — 245k
U= 65 c_ub tanh?¢,
2c «
v = by + by tanh?¢, w = ¢y + cp tanh? €. (19)

The second case is a3 = by = ¢ = 0, from Eq. (16),
one has

268k%(1 +m?) —c 123k*m?
ag = , Gy = —————
o! o
248k*m?[c + Bk2(1 + m?))
b101 = )

a2

boc1 + bicg = 0. (20)

So another periodic solution to the coupled system (13)
is
28k%(1 +m?) —c  128k*m?*
u= - s

n°g,
o
v=>by+bisn, w=-cy+crsné (21)
with by, b1, co, and ¢ satisfying the constraint (20).
When m — 1, equation (21) reduces to
48k* — 123k>
u = b € p tanh?¢
Q e
v=>by+btanhé, w =cy+ cytanh§. (22)

Similarly, if the ansatz solution to the coupled system
(13) is taken as

u=dy+dycné 4 dycn?¢,
v=-ey+ecné +eycn?é,
w = fo+ frené+ faen’¢
with the constraint ds # 0, there are another two similar

periodic solutions.
The first one is

78ﬂk2(2m2 —-1)+c n 243k*m? en’e,

(23)

2c «
v = ey + ey cn?¢,

w= fo+ frcen*¢ (24)



No. 3

Periodic Solutions for Two Coupled Nonlinear-Partial Differential Equations 427

with eg, e2, fo, and fo satisfying the constraint
1443%k*m*

(& =
2f2 o2

368k>m2c

e (25)

eofo+eafo=—

The second one is
28k%(2m? — 1) + ¢

= — +

«

v=-eg+ecn,

1203k*m?

pr7m en’¢,
@

w = fo+ ficn§ (26)
with eq, e1, fo, and f1 satisfying the constraint

248k*>m?2[Bk%(2m? — 1) — ]
2

€1f1 =

eofi +efo=0.

)

When m — 1, equation (26) reduces to
22 + ¢ 120k
- +
o a
v =-eg+ersech&,

w = fo+ fisech§. (28)

Taking o = 3, § = —1/2, the solutions (18) and (28) are
the same as given in Ref. [1].

sech?¢,

4 Conclusion

In this letter, we apply the Jacobi elliptic function ex-
pansion to solve two coupled nonlinear systems, and many
periodic wave solutions and shock wave or solitary wave
solutions are derived. These solutions are helpful in un-
derstanding the problems in modern physics.
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