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Abstract In this paper, dependent and independent variable transformations are introduced to solve the Degasperis—
Procesi equation. It is shown that different kinds of solutions can be obtained to the Degasperis—Procesi equation.
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Introduction

The family of equations

Ut — Utgr + (b4 2)uty = (b+ Duglizy + Ulgey

(1)
where b > 0 is a constant, was discussed in Ref. [1], and
phase portraits were applied to categorize traveling wave
solutions. It is known that there exist only two kinds of in-
tegrable equations for this family of equations, namely, the
dispersionless Camassa—Holm equation (CHE for short),?!

(2)
for b = 1 and the Degasperis—Procesi equation (DPE for
short), !

Up — Uggr + SUUy = 2UzUzy + Ulges

U — Upzg T 4’U,Ug; = Suwuzw + Ulgan 5 (3)
for b= 2.

Usually, equation (1) is difficult to be solved, some
transformations have to be introduced. For example,
Vakhnenko et al.[¥ introduced a new dependent variable

BT (4)

and assumed that z is an implicit or explicit function of
71, where
n=x—uvt—2x9,

() |

v and g are arbitrary constants and v # 0.

Through the above transformations, they obtained
hump-like, inverted loop-like, and coshoidal periodic wave
solutions, hump-like, inverted loop-like and peakon soli-
tary wave solutions to Eq. (3).

By introducing transformations, Matsunol®6 found
the N-soliton solutions and multi-soliton solutions to
DPE.

Since DPE is a current research interest in soliton the-
ory, in this paper, based on the introduced transforma-
tions, we will show systematical results for the DPE (3)
by using the knowledge of elliptic equation and Jacobian
elliptic functions.!”—11]

2 Transformed Equation (1)

In order to solve the DPE, certain dependent or in-
dependent variable transformations must be introduced.
Starting from Eq. (1), we define

r=w(y,T), t=1, (6)
then we have
o_10 90 _9 wo (7)
or  w,dy’ Ot O w, 0y’

Substituting this transformation into Eq. (1) yields

Ou _wrOu (b+ Q)i@ _ 1 Pu we P 2wy - Swrwy, Ou

or  wy 0y wy Oy wi OTdy?  wy Oy? wy Oy
WryyWy — WrlyWyyy — 3WryWyWyy + 3WrwH, u
wy Oy

oL (L P wyduy (1P Sy O gy Sy Oy, ®)
wy Oy \w2 0y?  wi Oy w3 Oy? wi Oy w} Oy
from which one has
3 2 2
wi% - wTwig—Z + b+ 2)w;ug—z - wgéﬁ—auzﬂ + wTwza—yq; + 2w§wwg—yz - 3w7wywyyg—y1;

+ (wTyywz — Wy Wy Wyyy — SWry Wy Wy + 3w7w§y)g—z
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Ou 9%u ou\ 2 u 0%u ou ou
= (b+ 1)w§3_y8—342 — (b+ Dwywy, <8_y> + 11)51¢8—y3 - Swywyyua—y2 - wywyyyua—y + 3w3yua—y . (9)
If we set _ 2
B=—-ap. (20)
u(z,t) = R(y,T), (10) 3
If V> aorV < d, wehave P(V) > 0, so we can set!'?
then from Eq. (9) we have v 5 (o 8)(B—)
-—a a- o — -
5 4 4 3 = Z? EE A 21
wy Ry — wrwy, Ry + (b+ 2)w, RRy — wy Ry, V-5 s-o- " CERINCETIN 1)
2 2
+ wrwy Ryyy + 20y wry Ry — 3wrwywyy Ry, where 0 < m < 1 is called modulus of Jacobi elliptic
+ (wTyywz — Wy Wy Wy — SWry Wy Wy + SwTwzy)Ry functions.[7— 11
=(b+ l)szyRyy - (b+ 1)wywnyf/ + wiRRyyy From Egs. (18) and (21), we have
— 3wy wyy RR,y — wywy,, RR, + 3w, RR, . (11) 9 5
C e dv = (V=) (V=a)(V=8)dZ, (22)
If we choose a—-p\ B-0
R(yv T) = wr(ya T) > (12) and
for b = 2, i.e. for DPE, we have _dv 2V/3 dz
de = - (23)
Womn + Buyostony — gy =0, (13) VPV)  V2a- B -0 /iZ)
. . . . with
FhlS tran.sformed equatllon can be easily solved to derive 0Z) = (1 — 22)(1 - m22?). (24)
its traveling wave solutions.
. . Thus we have
3 Exact Traveling Wave Solutions to DPE ( =9
In this section, we will try ro find the traveling wave Z =sn(k&,m), k= % , (25)
solutions to transformed DPE (13). In doing so, we first
take the transformation in the following frame and §)sn2(k 5
V:ﬂ(a_ )5112( §,m)—a(6— )7 (26)
E=k(y—cr), (14) (a = 0) sn?(k&,m) — (B — 9)
where k is wave number and c is wave speed. where sn(k€, m) is the Jacobi sine elliptic function.[®—11
Combining Eq. (14) with Eq. (13) leads to When v <V < 3, we have P(V)) > 0, so we define
Weeee — 4w§w55 =0. (15) “i_:; _ ﬁ — gZ2 , m2 = (a — 6)(5 - ’Z;) ’ (27)
In fact, equation (15) is still not easy to be solved by _ b= (@ =m)(8=9)
the usual function expansion methods, such as Jacobi el- from which we have
liptic function expansion methods, 78 for the expansion dv 2V3 dz (28)

rank of Eq. (15) is zero.
In order to solve Eq. (15) exactly, we set

V= we , (16)
then equation (15) can be rewritten as
Vege —4VVe =0, (17)
which can be integrated twice and rewritten as
2
Ve = §V4+AV+BEP(V), (18)

where A and B are two integration constants.
If P(V) = 0 has four real roots, i.e.,

(V= a)(V=8)(V=)(V—8) = SV + AV + B =0,(19)
with

a>fB>v20, at+pf+y+0=0,

af + (a+B)(y+4) =0,

A= —%[aﬁ(’y +68) + (a+ B)yd],

VPV)  V2Aa=)(B-0)VUZ)
so we can have the same result as Egs. (25) and (26).
From Egs. (25) and (26), the solution to DPE can be
determined as

Ba — 8) sn®(k§, m) — a8 — 9)

R s (ke m) — (B 9)
k= (a - V)G(ﬁ - 5) , (29)
and
« a—90 8—9
T=rot EH(‘P’ﬂ’m) CED
< [0(e 5= 5m) - Flom] @)
with
¢ = sin~ ! sn(k¢), (31)
and o 10
om= | @
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called the normal elliptic integral of the first kind, and

Iu%xémrzﬁw( 4o

1 — \2sin?6)
—o0 <M\ < o0,

)

1—m2sin?6
(33)

called the normal elliptic integral of the third kind.!*3!
Obviously, the solution of DPEs (29) and (30) has not
been reported in the literature.
For Eq. (18), there is a special case needed to be con-
sidered, i.e. when A = B = 0, then we have

2
%iygw, (34)
from which one has
1
Vo £/2/3(€ = &o)

where Vjy and &y are two constants.

From Eq. (35), the solution to DPE can be defined as
ke

:_Voi\/m(f—&))’

x:xoj:\/gkcln‘:t\/g(ﬁ—fo)+‘/() ; (37)

where x( is a constant.

(36)

and

4 Conclusion

In this paper, we presented the process to find exact
solutions for the DPE and obtained some new types of
solutions. These solutions may be applied to describe
and/or explain some phenomena found in the nature, such
as water waves, since the model such as DPE or CHE has
Due to the
solutions presented in this paper are just some special so-

been proposed to model these phenomena.

lutions, more methods are still needed to find more types
of solutions to DPE.
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