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In this Letter, the combined dispersion equation was solved by the sub-equation method. It is shown that
the combined dispersion equation with the special parameters can be solved and many novel solutions
will derived in terms of Jacobi elliptic functions, where some known solutions will be recovered when
the modulus arrives its limiting value.
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1. Introduction

The combined dispersion equation (CSE for short)
ut+aulux+/3(u2)xxx+)/uxxx=0, (1)

where [ is a positive integer and denotes the intensity of the con-
vection term, « is the parameter of the convection term, g is the
parameter of the nonlinear dispersion term and y is the parameter
of the linear dispersion terms.

Eq. (1) connects with two important nonlinear equation for
solitary water waves. When =1 and y =0, Eq. (1) recovers the
Rosenau-Hyman equation

ue + auty + B(u?) 0, (2)

XXX

which admits compactons [1]. When [ =2 and 8 =0, Eq. (1) re-
duces to the famous mKdV equation

ur + auzux + Yuxx =0. (3)

Actually, Eq. (1) can be taken as a special shallow water equa-
tion with linear and nonlinear dispersion [2], which is related to
the famous Camassa-Holm equation [3]. Or, we can take Eq. (1)
as a special general modified Camassa-Holm equation [4-6], since
they take the similar forms when we solve them in the travelling
wave frame & = k(x — ct).

Since CSE is a current research interest in nonlinear water
waves, in this Letter, we will show systematical results for the CSE
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(1) by using the knowledge of Jacobian elliptic functions [7-10]
and elliptic equation [11-13], where many novel solutions will be
found.

We will seek the travelling wave solution in the following frame

u=u(), &=kx—ct), (4)

here ¢ is wave speed and k is wave number.
Substituting (4) into (1) yields
du du d3u? d3u
—C— +oau' — K2 — K— =0. 5
+ +8 &3 +rkes & (5)
It is obvious that Eq. (5) cannot be solved directly for all [, only
some special values of I can make Eq. (5) solvable directly. In fact,
=2 and [ = 3 are two special cases. In the next sections, we will
show the detailed results for these two cases.

2. Solutions to CSE for | =2

When [ =2, Eq. (5) can be rewritten as

du ,du ,d3u? ,du
—C— — ke —— k‘— =0. 6
cdg—{-au d§+ﬂ< T +y i&3 (6)

In order to solve Eq. (6), we will map it to the following elliptic
equation [7,8]

y'?=ao +azy? +asy?, (7)
ie.
y' =azy +2a4y3, (8)

where the prime denotes the derivatives in terms of its argument.
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The connecting bridge between (6) and (7) is the following fi-
nite expansion
i=n ]
u=u@) =) by, 9)
i=0
with b, #0.
Balancing the nonlinear term and the dispersion term in Eq. (6),
we can derive the final expansion as

by #0. (10)

Return (10) to (6) and then we have the following algebraic
equations

u :b0+b1y+b2y2,

—cb1 + ab3by + 28k (bob1az + 6b1b2ag) + yk*biaz =0, (11a)
— 2cb; + 20 (bob? + bgb2) + 88k [az (b3 + 2bobz) + 3b3ao ]
+ 8)/k2b2a2 =0,
a (b3 + 6bob1by) + Bk*(12bob1as + 54b1baaz)
+6yk®b1as =0, (11c)
40t (b3by + bob3) + Bk*[24as(b? + 2bob,) + 64b3a; ]

(11b)

+24yk*bra, =0, (11d)
5ab1b + 1208k*b1byas =0, (11e)
2ab3 + 1208k*b3as =0, (11f)
from which we have
608k? 208k?
b2=—M, by =0, b0=l— ﬁ<a27
o 88 o
c= oeb(z) + 88k%bo + 12B8k*brag + 4yk2a2. (12)
So the solution to (6) is
208k? 608k?
u= Y _ 20PKa 6O0k7as 5 (13)
88 o o

with the wave speed ¢ = ab? + 88k?bo + 128k?baq + 4y k*a,. Ob-
viously, when ag, a; and a4 take different values, there will be
many different kinds of solutions, we will show some next ex-
pressed in terms of different Jacobi elliptic functions [7,8].

(1) If ag =1, a = —(1 + m?) and a4 = m?2, then the solution is
208K2(1+m?)  608k*m?
up = X 4 20K U ) (14)
88 o o

where 0 <m < 1, is called modulus of Jacobi elliptic functions, see
[11,12], and sn(&, m) is Jacobi elliptic sine function, see [11-13].

(2) If ag=1—m?, ay =2m? — 1 and a4 = —m?, then the solu-
tion is

Y, 20Bk*(1—2m?) N
"~ 88 a

where cn(§,m) is Jacobi elliptic cosine function, see [11-13].

(3) If ag=1—m?, ay =2 —m? and as = —1, then the solution

608k*m?
o

Uy cn? (&, m), (15)

is

Y 20BK2(2—m?)  60Bk?
= - +
88 o o
where dn(&, m) is Jacobi elliptic function of the third kind, see [11-

13].

(4) If ag =m?, ay = —(1 +m?) and a4 = 1, then the solution is
Y 20BkK2(1+m?)  60Bk?

= 4 —
88 o o

us dn?(&,m), (16)

Uus ns?(&,m), (17)

with ns(§,m) = m

(5) If ag = —m?, ap =2m? — 1 and a4 = 1 — m?, then the solu-
tion is
208Kk*(1 —2m?)  60Bk*(1 —m?
Us = Y PR m7) _ 00pk7d —m )ncz(‘g‘,m), (18)
88 o o

with nc(§,m) = m

(6) If ag = —1, ap =2 — m? and ag =m? — 1, then the solution
is

29 _m?2 2(1 —m?

ug= L - 20 | SOBEAZTD) e my, (19)
8B a *

with nd(¢,m) = m

(7) Ifag=1, a =2 —m? and a4 = 1 — m?, then the solution is

20 ,22_ 2 60 121_ 2
b V. _20pR@-m) 60pR(A—m) o (20)
88 o ¢
with sc(&,m) = iﬁglrmn;'

(8) Ifag =1, ap =2m? — 1 and a4 = (m? — 1)m?2, then the solu-
tion is

y  208k*(2m?% —1) N 608k%(1 —m%)m
o

2
sd?(g,m), (21)

ug=-— —

8 8/3 o

. __ sn(&,m)
with sd(§,m) = gz

(9) If ag=1—m?, ay =2 —m? and a4 = 1, then the solution is

Yy 208k%(2 —m?) B 608k>
o

_ 2
=35 " cs(&,m), (22)

Ug

with cs(€,m) = ZL‘EEZ;‘?

(10) If ag =1, ay = —(1+m?) and ay = m?, then the solution is

v 208k2(1+m?)  60Bk3m?>
o

_r 2
=35 p cd® (&, m), (23)

u1o

with cd(¢,m) = gﬁ(ém

(11) If ag = m2(m?% — 1), ay =2m? — 1 and a4 = 1, then the so-
lution is

y  208k*(1—2m?)  60Bk?
= — + -

88 o o

o ds?(&,m), (24)

with ds(&, m) = &Em

sn(g,m) *
(12) If ag = m?, ay = —(1 +m?) and a4 = 1, then the solution is

208k2(14+m?)  608k?
u12=l+ il ) 5

2
85 a dc”(&,m), (25)

with de(g, m) = d&m.

(13) If ag = (1 —m?)/4, ay = (1+m?)/2 and a4 = (1 —m?)/4,
then the solution is
y  108k*(1 +m?)
U= ———
8p o
158k3(1 — mZ)[

o

cn(&, m) ]2

(26)
1+sn(&,m)

(14) If aqg = -1 —m?)/4, a = (1 +m?)/2 and a4 = —(1 —
m?)/4, then the solution is
y  108k*(1+m?)
88 o

N 158k%(1 —m?) [
o

U4 =

dn(&, m) 2
1 j:msn(g,m)] '
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(15) If ag =
solution is

m?/4, ay = —(2 —m?)/2 and a4 = m?/4, then the

o 108k2(2 — m?) 15/3k2m2[ msn(&, m) ]2 25)

8p o  a | 1+dnEm)

(16) If ap = 1/4, az = (1 — 2m?)/2 and a4 = 1/4, then the solu-
tion is

201 _ 2 2 2
g = 81 B 108k*(1 — 2m*) B 158k [ sn(&, m) } ' (29)
B o o 1+cn(é, m)
(17) If ag = 1/4, ap = —(2 —m?)/2 and as = m*/4, then the
solution is
oy 10k2@-m?)  15Km*[ sng.m) 7P
=gg T a T T a [1:|:dn(§,m)} - G0

There still exist many other kinds of Jacobi elliptic functions,
we do not show here. It is known that when m — 1, sn(§, m) —
tanh&, cn(é,m) — seché&, dn(§,m) — sech& and when m — 0,
sn(&, m) — sin&, cn(é, m) — cosé&, so we also can derive solutions
expressed in terms of hyperbolic functions and trigonometric func-
tions. For example, when m — 1, uy5 becomes

2 2
Uy = — 10ﬁk — 15ﬂk tal’lh(i), (31)
88 o o 2
and
2 2
Ugsr = —— 10k” 156k coth(i). (32)
88 o 2

Remarks. If the mapped elliptic equation is chosen as
y?=a0+a1y +a2y* + asy*, (33)

then if and only if a; is zero, Eq. (6) can be solved. So we have the
same results with the two different mapped equations, the new
mapped equation (33) will result in no new solutions to Eq. (6).

3. Solutions to CSE for | =3

When [ = 3, Eq. (5) can be rewritten as
d d 3
—c—u +oeu3—u +ﬂk2—+yk2— =0. (34)
Similarly, the connecting bridge between (34) and (7) will let
us derive the final expansion as
u=bo+b1y, b1#0. (35)

Return (35) to (34) and then we have the following algebraic
equations

—cby +ab3by + 2Bk*bob1as + yk*biaz =0, (36a)
3ab3b? + 8Bk*b2a; =0, (36b)
3abob? + 12ﬁk2b0b1a4 + 6yk?bias =0, (36¢)
ab? + 24Bk*b?as = (36d)
from which we have

b1 = il?’O_J//B o bo = &

c= abg + 2,BI<2b0a2 + ykzaz, (37)
with the constraint

“ o0 (38)

So the solution to (34) is

3
)/:t)’

~ 108~ 108 (39)

with the wave speed ¢ = ab3 +2Bk%boaz + y k*a;. Obviously, when
ap, a; and a4 take different values and ay and ay4 satisfy the con-
straint (38), there will be many different kinds of solutions, we
will show some next expressed in terms of different Jacobi elliptic
functions [7,8].

(1) If o =1 —m?, a; =2m? — 1 and a4 = —m? with m? < 1,
then the solution is
3 2
=4+ cn(E, m). (40)
108~ 108\ 1—2m?

(2) If ag = —m?,
then the solution is

az=2m? —1 and a4 =1 —m? with m? > J,

v ¥
Uy = 108 + — 108 2m2 nc(§ m). (41)

(3) Ifag=1, a =2 —m? and a4 =1 — m?, then the solution is
3
Yo 2

3= 708 = 108

1—m2
5 —ZZ sc(&,m). (42)

1

(4) If ap =1, az =2m? — 1 and a4 = m?(m? — 1) with m? < 3,

then the solution is

Lii’»y m(m

108 = 10p d(é‘ m). (43)

Ug =

(5) If ap=1—m?, ay =2 —m? and a4 = 1, then the solution is

Y 3
108 ~ 108

1
cs(&, m). 44
S cs(E.m) (44)
(6) If ag =m?(m? — 1), az =2m? — 1 and as = 1 with m? > ,
then the solution is

14 3y 1
4+
108 — 108V 2m2 —1

Ug = ds(&,m). (45)

(7) Ifap =01 —
then the solution is

m?)/4, ay = (1 +m?)/2 and a4 = (1 — m?)/4,

_Li3_y 1-m? cn(é, m)
7108 7 108\ 2(14+m2) 1+sn(E,m)’

(46)

(8) If ap =1/4, az = (1 — 2m?)/2 and a4 = 1/4 with m? < ,
then the solution is

vy [ 1 sem)
108 = 108\ 2(1 —2m?2) 1 £cn(&, m)’

ug = (47)

Remarks. If the mapped elliptic equation is chosen as (33), Eq. (34)
can still be solved. But the new mapped equation (33) will result
in no changes to solutions of Eq. (34) except a new wave speed
¢ = ab] + 2Bk*boa; + 3Bk*b1a; + yk*ay with by and by still given
by (37).

4. Conclusion

In this Letter, we presented the process to find exact solu-
tions for the CSE with the help from the bridge connecting CSE
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to the elliptic equation and obtained some novel types of so-
lutions, these solutions may be applied to describe and/or ex-
plain some phenomena found in the nonlinear water waves,
since the model has been proposed to model nonlinear water
waves. Another result given in this Letter is that choosing an
appropriate mapping equation is of great importance in solv-
ing nonlinear equations, since the wrong chosen mapping equa-
tion may results in no solution to the solved nonlinear equa-
tions.
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