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Abstract

In this paper, two kinds of Lamé function have been listed and compared. Based on these
two Lamé functions and the Jacobi elliptic function, the perturbation method is applied to the
shallow water system, and many multi-order solutions of novel form are derived. In addition,
it is shown that different Lamé functions can exist in the first-order solutions of the nonlinear

system.

PACS number: 04.20.Jb

1. Two kinds of Lamé function

Usually, the Lamé equation [1, 2] in terms of y(x) can be
written as

d2
dn2 2\n n—-1 n—h/)dy
u+nn+1)n
-y =0, N
4n(n—1)(m—h)
where
h=m=2>1, p=—hA, 2)

where A is an eigenvalue, n is a positive integer and m (0 <
m < 1) is the modulus of the Jacobi elliptic function.

Equation (1) is a kind of Fuchs-type equation with four
regular singular points n =0, 1, 7 and n = oo; the solution
to Lamé equation (1) is known as the Lamé function. When
n takes different forms, there will be a Lamé equation
with different forms whose solutions will be different Lamé
functions. For example, if we set

n = sn’x, 3)
then Lamé equation (1) becomes
d2
dx—z + [x —n(+ 1)m2sn2x]y —0, (4)

where sn x is the Jacobi elliptic sine function with modulus m
O<m<1).
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For equation (4), there are different Lamé functions
expressed in closed form; for example, whenn =3, A =4(1 +
m?), i.e. uw = —4(1+m~?), the Lamé function is

L) =021 —n)'"2(1—h"p)!/> =snxenxdnx. (5)

For n = 2, when A = 1 +m?, the Lamé function is

Ls(x) =1 -1 =h'p)!2 =cnxdnx, (6)
when A = 1 +4m2, the Lamé function is

LS(x) =1 —m'?0—h'p)'/? =snxdnx (7)
and when A = 4 +m?2, the Lamé function is

L) =1 =21 =h'p)!2 =snxcnx. (8)

In equations (5)—(8), cnx and dn x are the Jacobi elliptic
cosine function and the Jacobi elliptic function of the third
kind [1, 2], respectively.

Could equation (1) be written in other forms and will
they have different solutions similar to those given above for
equation (4)? In fact, if we set

n=cd’x, )
then Lamé equation (1) becomes
d2
Eﬁ+[x—n(n+1)m%d2x]y=0, (10)

where cdx =cnx/dnx is another kind of Jacobi elliptic
function with modulus m (0 <m < 1).
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For equation (10), there also exist different Lamé
functions expressed in closed form; for example, when n = 3,
A =41 +m?),1ie. pu=—4(1+m?), the Lamé function is

L) =021 =20 —h'p'2 =cdxsdxndx. (11)

This is another Lamé function different from that given in (5).
For n = 2, when A = 1 +m?, the Lamé function is

L) =1 -2 —n""'p'? =sdxnd x, (12)
when A = 1 +4m2, the Lamé function is

L) =0 -m"*0 =h™'p!? =cdxndx (13)
and when A = 4 + m2, the Lamé function is

LYx) =1 —m'?0—h'p!/? =sdxcdx. (14)

In equations (11)—(14), sdx =snx/dnx, ndx =1/dnx
are two new Jacobi elliptic functions. L$(x), L(x) and
Lgd(x) are three new Lamé functions different from those
given in (6), (7) and (8).

During the past three decades, nonlinear wave research
has made great progress, and a number of new methods have
been proposed to obtain exact solutions to nonlinear wave
equations. Among these methods, the homogeneous balance
method [3], the hyperbolic tangent function expansion
method [4, 5], the nonlinear transformation method [6, 7],
the trial function method [8, 9], the sine—cosine method [10],
the Jacobi elliptic function expansion method [11-13], the
auxiliary equation and mapping method [14], the exp-function
method [15] and so on have been widely applied to solve
nonlinear wave equations exactly. Furthermore, in order to
discuss the stability of these solutions, one must superimpose
a small disturbance on them and analyze the evolution of
the small disturbance [2, 16]. This is equivalent to solutions
of nonlinear evolution equations expanded as a power series
in terms of a small parameter €, and then multi-order exact
solutions are derived. Lamé functions given by (5), (6), (7)
and (8), i.e. L5"(x) and/or L5(x) and/or L5(x) and/or Lg(x),
have been applied to solve many single nonlinear equations
to derive multi-order solutions [17]. Could Lamé functions
given by (11), (12), (13) and (14), i.e. L (x), L (x), L5 (x)
and Lgd(x), be applied to solve nonlinear equations? We
will answer this question in the following sections. Since we
have listed two kinds of different Lamé functions, L3"(x),
L5(x), L5(x), Lg(x) and Lgd(x), L;d(x), L;d(x), L‘z‘d(x), we
will apply these two kinds of Lamé function to the shallow
water system to illustrate the applications of Lamé functions
to nonlinear equations in order to derive different kinds of
multi-order exact solutions.

2. Shallow water system and its perturbed expansion

The generalized shallow water system reads

Hy+(Hu), + Buyyx =0, (15a)
u;+H,+uu, =0. (15b)

We seek travelling wave solutions of the following form:
u=u), H=HE), §&=k(x—c1), (16)

where k and ¢ are wave number and wave speed, respectively.

Substituting (16) into (15) yields

— CHg + (Hu)g + Bk uges =0, (17a)
—cug + Hg +uug =0, (17b)

which can be integrated as
—cH + Hu + Bk*us: = Cy, (18a)
—cu+H+3u*=C,, (18b)

where C; and C, are two integration constants. We will see
that not all integration constants can be taken to be zero.
Applying the perturbation method and setting

u=u0+eu1+62u2+~-~, (19a)

H=Hy+eH +€’Hy+---, (19b)

where € (0 <€ << 1) is a small parameter, ug, u;, u, and
Hy, Hy, H, represent the zeroth-, first- and second-order
solutions, respectively.

Substituting (19) into (18), we obtain various order
equations. For example, the zeroth-order equation (for €°) is

— cHy+ Houg + Bk uoze = C, (20a)
— cug+ Ho+ 3uf = s, (20b)
the first-order equation (for €!) is

— cHy + Houy + Hyug+ Bkuze =0, (21a)
—cuy+Hy+uou; =0, (21b)

and the second-order equation (€?)is
— cHy + Houay + Hyuy + Hyug + Bk usge =0, (22a)
—cur+ Hy+ 2ut +uour = 0. (22b)

For the zeroth-order equation (20), the Jacobi elliptic
function expansion method [11, 12] can be applied to solve
it. In fact, different Jacobi elliptic functions can be applied
to solve (20), and different results can be derived. In the
following, we show that different zeroth-order solutions
will allow us to have different first-order and second-order
solutions, where these solutions can be represented in terms
of different Lamé functions shown in the above sections.

3. L3 (x), Li(x), L3(x), Lg(m) and the first kind of
multi-order solution

3.1. Jacobi elliptic sine function expansion and Lamé
Sfunction solution

For the zeroth-order equation (20), the Jacobi elliptic sine
function expansion method [11, 12] can be applied to solve
it, i.e. the ansatz solution is supposed to take the following
form:

Hy=ap+a;sn&+a, snzé‘;, (23a)

uy = b() +b1 Snf, (23b)
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where the expansion coefficients ay, a;, a; and by, b; can be
determined by substituting (23) into (20). Here we have
2
=—5+,3k2(1 +m?),
(24a)

1
H():CM()—EM§+C2, C; =0,

by = +£2mk./B. (24b)
Thus the zeroth-order solution for the shallow water
system (15) is

by =c,

= Bk*(1 +m?) = 2m’k*B sn’ &, (25a)
o = ¢ +2mk+/B sn&. (25b)

Substituting (25) and (24a) into the first-order equation
(21) yields

Hy, = (¢c —up)uy, (26a)
d2
,Bsz + Houy + (ug — ¢)Hy = (26b)
from which we have
d<u
F2‘+[(1+m?)—6mzsnzg]u1 =0. 27

Here it is obvious that u; in (27) takes the same form as
y in (4). Hence we can assume that u; takes the following
form:

uy = AsL5(E) = Agenédné. (28)
Substituting (28) into (26a) yields
Hi = T2mk/BALS (). (29)
Hence the final first-order solution is
Hy = F2mky/BALY€), w1 =AL}E),  (30)

where Ag is an arbitrary constant; obviously different Lamé
functions L5"(¢§) and L5 (&) exist in the same system for the
shallow water system.

In order to obtain the second-order solution of the
shallow water system, we have to substitute the zeroth-order
solution (25) and the first-order solution (30) back into the
second-order equation (22). We have

Hy = (c — up)uz — uj, (31a)

d2
k2
p iz

from which we have

+HOM2+(M0—C)H2+H1M1 0, (31b)

dﬁ ) omoos 2 2
i +[(1+m*) —6m*sn é]uz—ik\/—A sn§cn” & dn”§.
(32)

Sincecn?& =1 —sn?&,dn’ & =1 —m? sn? &, the special
solution to (32) can be assumed to be

u, = Bysné +Bysn’&. (33)
Substituting (33) into (32) yields
(1+ mz)Ag mA?2
=F— 5 By=4—2 34
1=F dmk B 3 NG (34)
i.e. the second-order solution is
(1+m2)A2 sng+ mA2 5 (354)
uy = a

2T kB T kB

Hy = (c — up)uz — uj, (35b)

where ug and u| are given by (25b) and (28).

3.2. Jacobi elliptic cosine function expansion and Lamé
function solution

For the zeroth-order equation (20), the Jacobi elliptic cosine
function expansion method [11, 12] can also be applied to
solve it; i.e. the ansatz solution is supposed to take the
following form:

Hy=ap+a; cn§+azcn2$, (36a)

(36b)

where the expansion coefficients ay, a;, a; and by, b; can be
determined by substituting (36) into (20). Here we have

u0:b0+b1 cné,

Hy=cug— iu(z)+C2, C, =0,
6'2
Co=— 2+ BK(1 —2m?), (37a)
by=c, b, =+2mk/—B. (37b)

Thus the zeroth-order solution for the shallow water
system (15) is
= Bk*(1 —2m?) +2m*k*B en’ €,

ug=c=+2mky/—pcnék.

(38a)
(38b)

Substituting (38) and (37a) into the first-order equation
(21) yields

d2u1

) +[(1—2m*) +6m* cn® & u,

(39)

Here it is obvious that #; in (39) takes the same form as y
in (4). Hence we can assume that # takes the following form:

Uy = A.LS(E) = Acsnédné. (40)
Substituting (40) into (26a) yields
= F2mky/—BALS (). 4D
Hence the final first-order solution is
Hy = F2mky/BALT ), wi=AL5E),  (42)

where A. is an arbitrary constant; obviously different Lamé
functions L5"(§) and L5(£) exist in the same system for the
shallow water system.

To obtain the second-order solution of the shallow water
system, we have to substitute the zeroth-order solution (38)
and the first-order solution (42) back into the second-order
equation (22). Hence we have

d2u2

d—§2+ [(1 —2m?*) +6m*cn® £ u

Azcnésn £dn’&.

43
i F (43)

Since cn? & = 1 —sn?&, dn® & = 1 —m?sn? £, the special
solution to (43) can be assumed to be

U, = Bycné + Bycen’ €. (44)
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Substituting (44) into (43) yields

B — m? — l)Ag _ mAg 45)
1 — 4mk /—_ﬂ £ 3_:F2k /—_ﬂ’
i.e. the second-order solution is
(2m — I)A2 ng mA2 e (46a)
Uy = cn” &, a
2= k=8 T
= (c — uo)us — 3uj, (46b)

where ug and u| are given by (38)) and (40).

3.3. Jacobi elliptic function of the third kind expansion
method and Lamé function solution

For the zeroth-order equation (20), the Jacobi elliptic function
of the third kind expansion method [11, 12] can also be
applied to solve it; i.e. the ansatz solution is supposed to take
the following form:

Hy=ap+a; dné +a, dn* &, (47a)

ug = by +b; dné, (47b)

where the expansion coefficients ay, a;, a; and by, b; can be
determined by substituting (47) into (20). Here we have

Ho= _l 2 -0 __f K(m2—2
o=Ccug 2M0+C2, Ci=0, = 5 + Bk~ (m ),
(48a)
bo=c, by =+2k/—B. (48b)

Thus the zeroth-order solution for the shallow water
system (15) is

Hoy = Bk*(m?

up =c=+2k\/—pBdné.

—2)+2k*Bdn* &, (49a)

(49b)

Substituting (49) and (48a) into the first-order
equation (21) yields
d2
dg‘;+[( —2)+6dn ] us = (50)

Here it is obvious that #; in (50) takes the same form as y
in (4). Hence we can assume that # takes the following form:

=AdLg(é§)=Adsn§cn$. oy
Substituting (51) into (26a) yields
Hy = T2k/—BAGLY (). (52)
Hence the final first-order solution is
Hy = F2ky/BAGLY (), ur = AasLIE),  (53)

where A4 is an arbitrary constant; obviously different Lamé
functions L5"(§) and Lg(é ) exist in the same system for the
shallow water system.

In order to obtain the second-order solution of the
shallow water system, we have to substitute the zeroth-order

solution (49) and the first-order solution (53) back into the
second-order equation (22). We have

2
k\/_A dnésn Ecn’E.
(54)

Since cn? & =1 —sn?&, dn® & = 1 —m?sn? £, the special
solution to (54) can be assumed to be

d§2 +[m* =2 +6dn*E|ur = F

u, = Bydné + B3 dn’ €. (55)
Substituting (55) into (54) yields
(m?* — 2)A§ Aﬁ
Bij=4——=, B3y=F———, 56
I TN 3 :FZk\/—_,B (56)
i.e. the second-order solution is
L =DAG £ Al g3 £ (57a)
Uy = n a
TN TN
H, = (¢ —ug)uz — sui, (57b)

where ug and u| are given by (49b) and (51).

4. LY (z), L% (z), L (x), L3%(z) and the second
kind of multi-order solution

4.1. cd & expansion and Lamé function solution

For the zeroth-order equation (20), the Jacobi elliptic function
expansion method [11, 12] can be applied to solve it; for
example, the ansatz solution can be supposed to take the
following form:

Hy=ap+a,cd& +aycd® &, (58a)

ug = bo+by cdé, (58b)

where the expansion coefficients ag, a;, a; and by, b can be
determined by substituting (59) into (20). Here we have

1 2
Hy=cuy— 3uf +Ca. C1=0, czz—% + BKA(1+m?),
(59a)
bo=c, by ==+2mk/B. (59b)

Thus the zeroth-order solution for the shallow water
system (15) is

Ho = Bk*(1 +m?) —2m*k*B cd’ €,
o = ¢ £ 2mk/B cdE.

Substituting (60) and (59a)
equation (21) yields

(60a)
(60b)

into the first-order

dZLt]

&t [(1+m?) —6m*cd*£]u; =0.

(61)
Here it is obvious that u; in (61) takes the same form as y
in (10). Hence we can assume that u; takes the following
form:

= AwL5' () = Acasd € ndé. (62)
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Substituting (62) into (26a) yields

Hy = F2mky/BAqLS (). (63)
Hence the final first-order solution is
Hy = F2mk/BAGLSE),  uy=AuL$'E).  (64)

where A.q is an arbitrary constant; obviously different Lamé
functions L$(§) and L$Y(§) exist in the same system for the
shallow water system.

In order to obtain the second-order solution of the
shallow water system, we have to substitute the zeroth-order
solution (60) and the first-order solution (64) back into the
second-order equation (22). We have

Hy = (c — up)uz — uj, (65a)
2 d2u2
ﬂk d—§_2+H0u2+(u0—c)H2+H1u1=O, (65b)
from which we have
d2
E"; +[(1+m?) —6m? cd® ] us
3m
=+ A2 cdésd*End’ £, 66
k\/E cd ‘i: %_ f ( )
The special solution to (66) can be assumed to be
u, = Bycdé+Bycd €. (67)

Substituting (67) into (66) yields

(1+m?) A%,
=7 :
4m(1 —m?)2k /B

2
mAZ,

i2(1 —m2)2%kJB’
(68

3=

By

)

i.e. the second-order solution is

(1 +m2)A§d de + mAgd e £
Uy = (¢ cd’ &,
2= T o —m2)2k B 20— m2)2kJB
(69a)
Hy = (c — up)uz — uj, (69b)

where u( and u; are given by (60b) and (62).

4.2. sd & expansion and Lamé function solution

For the zeroth-order equation (20), the ansatz solution can also

be assumed to take the following form:
Hy=ag+a; sd& +aysd’ €,

uy = bo+by Sds,

(70a)
(70b)

where the expansion coefficients ag, a;, a; and by, b; can be
determined by substituting (70) into (20). Here we have

1
Ho=cu0—5u3+C2, C, =0,

2

C
C, = —E+ﬂk2(1—2m2), (71a)
bo=c, by=22mky/—B(1—m?). (71b)

Thus the zeroth-order solution for the shallow water
system (15) is

Ho = Bk*(1 —2m?) +2m*(1 — m*)k*B sd’ &, (72a)
uy =c +2mky/—B(1 —m?2)sd&. (72b)

Substituting (72) and (71a) into the first-order equation
(21) yields
d2u1

— +[d =2m*) +6m*(1 —m*)sd* €] u; = 0.

% (73)

Here it is obvious that u; in (73) takes the same form as y
in (10). Hence we can assume that u; takes the following
form:

uy = Ay L3 (§) = A cd & nd&. (74)
Substituting (74) into (26a) yields
Hi = F2mky/ —B(1 — m?)A4L§ (§). (75)

Hence the final first-order solution is
Hy = F2mky/—B(1 —m?)A4LS (),  ur = AuLy' (&),
(76)

where Agq is an arbitrary constant; obviously different Lamé
functions Lgd(g ) and L;d(é ) exist in the same system for the
shallow water system.

In order to obtain the second-order solution of the
shallow water system, we have to substitute the zeroth-order
solution (72) and the first-order solution (76) back into the
second-order equation (22). We have

d2
FM; +[(1 = 2m?) +6m2 (1 — m2)sd €] us
3ma/1 —m?
= :FWAfd sdécd® € nd® &. (77)
The special solution to (77) can be assumed to be
u, = By sd& + By sd® &. (78)
Substituting (78) into (77) yields
_ (2m? — 1) A2, __my1— m2A%,
4mk/—B(A —m?)’ 2%ky=B
79
i.e. the second-order solution is
2m? — 1)A2 V1T —m2A?
=t M DA VT AG s (80a)
dmk/—B(1 —m?) 2k/—B
H = (c — up)ur — tui, (80b)

where ug and u| are given by (72b) and (74).

4.3. nd & expansion and Lamé function solution
For the zeroth-order equation (20), the ansatz solution can also
be assumed to take the following form:

Hy=ap+a nd& +aynd &, (81a)

u0:b0+b1 ndé, (8lb)
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where the expansion coefficients ay, a;, a; and by, b; can be
determined by substituting (81) into (20). Here we have

1 2
Hy=cuy = suf+Cs. C1=0. Cg:—%+,3k2(m2—2),
(82a)

bo=c, by ==22ky—B(1—m?). (82b)

Thus the zeroth-order solution for the shallow water
system (15) is

Hoy = Bk*(m* —2) +2k*B(1 —m*)nd* &, (83a)
uy = c+2ky/—p(1 —m?)ndé&. (83b)

Substituting (83) and (82a) into the first-order equation
(21) yields

d2u1

dg?

Here it is obvious that u; in (84) takes the same form as y

in (10). Hence we can assume that u; takes the following
form:

+[(m* —2)+6(1 —m*)nd*£]u; =0.  (84)

= Ang L3 (§) = Apg cd € sd&. (85)
Substituting (85) into (26a) yields
Hy = F2ky/ —B(1 —m?) Ap L5 (§). (86)

Hence the final first-order solution is
Hy = F2ky/=B(1 —m>) AngL§'(§),  u1 = AngLY(§),
(87)
where A,q is an arbitrary constant; obviously different Lamé
functions Lgd (&) and Lgd(é ) exist in the same system for the
shallow water system.

In order to obtain the second-order solution of the
shallow water system, we have to substitute the zeroth-order
solution (83) and the first-order solution (87) back into the
second-order equation (22). We have

Puz [(m* —2) +6(1 — m?) nd%] uy
dg2
3V1—-m? , ) )
=F—+—A;4ndécd"End &. (88)
ky—B ™
The special solution to (88) can be assumed to be
u, = Bynd& + B3nd’ €. (89)
Substituting (89) into (88) yields
2 —m?)A? V1 —m2A?
Bi=i— g YT R (g
4mik/—B(1 — m?) 2mik/—RB

i.e. the second-order solution is

2 —m?)A2, VT—m2A2,
= __nd Mndd e, (91
= e F S d's, Ola)

H, = (¢ —ug)uz — ui, (91b)

where u( and u are given by (83b) and (85).

5. Conclusion and discussion

In this paper, two kinds of Lamé function are reported and
applied to solve nonlinear equations, where the shallow water
system is taken as an example to illustrate the applications
of Lamé functions to nonlinear equations to derive two kinds
of multi-order solutions when the perturbation method is
involved. The results obtained in this paper are very important
for the nonlinear instability of nonlinear coherent structures
of nonlinear equations. Additionally, the method and results
given in this paper can be easily applied to other nonlinear
systems, too.
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