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Abstract

The Jacobi elliptic function expansion (JEFE) method is applied to construct the exact periodic solutions
to two kinds of nonlinear wave equations, such as BBM equation, fifth-order dispersive equation,
Kawahara equation, modified Kawahara equation, second-order BO equation and symmetrical-regular
long wave equation. The corresponding shock wave solutions or solitary wave solutions are obtained as
special cases of the periodic solutions. It is shown that this method is very powerful for some nonlinear
wave equations, and its applying domain is given.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

In Ref. [1], the Jacobi elliptic function expansion (JEFE) method was proposed to construct
periodic solutions to some nonlinear wave equations. It is interesting that solutions in their limit
obtained by this method, the shock or solitary wave solutions, are just the same as the results
given by a number of methods, such as the homogeneous balance method [2-4], the hyperbolic
tangent expansion method [5-7], the nonlinear transformation method [8,9], the trial function
method [10,11] and sine—cosine method [12]. Among these methods, none deals with special
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functions. Actually, the hyperbolic tangent expansion method is just a special case of JEFE
method under certain conditions. Although Porubov et al. [13-15] have obtained some exact
periodic solutions to some nonlinear wave equations, they used the Weierstrass elliptic function
and involved complicated deducing. In this paper, the details and the applying domains of JEFE
method are discussed, and periodic solutions and corresponding limited solutions are obtained for
some nonlinear wave equations.

2. JEFE method and its applying domain

Consider a given nonlinear wave equation

N (uy vy, thyy thyyy Uy, - . .) = 0, (1)
its traveling wave solutions take the following form:
u=u(l), &=k(x—ect), (2)
which can be expressed as a finite series of Jacobi elliptic function, sn &, by JEFE method
w(@) =Y asné, (3)
=0

where k and ¢ are the wavenumber and wave speed, respectively. It is known that there are the
following relations between the elliptic functions:

en’é =1—sn’¢, dn’¢=1-msn’¢, (4)
done=cncane, Long=—sntdng, “Ldné = —misnéené
d—ésn =cnédnd, d—écné——sn né, CTf né =—-m-snécné,

where cn ¢ and dn ¢ are the Jacobi elliptic cosine function and the Jacobi elliptic function of the
third kind, respectively, and m is the modulus (0 < m < 1).

We have
j_lg: jzn;(ja_,snf‘lé)cn &dné, (5)
du K, . i N2 2. 2
T ;[g — Djaysn/ ¢ — (1 + m?) fajsn/é + m?(j + 1) jassn' 2], (6)
dFu &

el D16 =2)( = Djasnd 3¢ = (14 m?) Pagsn/ &+ m?(j+ 2)(j + 1)jaysn’ ' EJen édn
=0
(7)

j_g“l - iw— 3)( = 2)(J = Djaysn/ & = 2(1 +n?) (7 = 2/ + 2)(j — 1) jajsn/ ¢

+ 22 (7 +5) 4+ (1 +m?) 2 Pasn/é — mP(1 +m?)j(j + D[ + (j + 2)°]a;sn/*2¢
+m*(j+3)(j +2)(j + 1)jasn' ¢}, (8)
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j_;sl = Zn:{(/ — (G =3)(j—2)(j — Vjasn' & = 2(1 +m*)(j* — 2j +2)(j — 2)(j — 1)ja;sn/ 3¢

+ 2022+ 5) + (1 +m?) P Pasn 1 é —m?(1+m?)j(j+ 1) +2)

X [P+ (+ 2 asn™ - m?(+4)( +3)( +2)( + 1)jaysn' P Efenédne. ©)

It is obvious that the factor cnédn¢ exits only in the odd derivative terms, so there is good
alternate formalism between odd and even derivative terms, i.e.

d(2m)u d(2m+1)
W = fu(sn &),
Here, we define dou/df0 =u(&), fu(sné) and g,(sn¢) are m-order polynomials in term of sn¢,
respectively.

The highest power order of u(&) is equal to n, i.e.

O(u(¢)) = n, (10)
and the highest power order of du/d¢ can be taken as

O(%) =n+1.

We have

du d2u d31/l
O<ud—>—2n—|—1, O<d—€2>—n+2, o(d—éﬁ)_nm. (11)

If every sum of derivative order of every term in the Eq. (1) is odd or even synchronously, we
can select n in (3) to balance the highest order of derivative term and nonlinear term in Eq. (1).
Thus we can obtain the finite series periodic solutions to this kind of equations. Actually, the
number of this kind of equations is very large. Such as KdV equation, mKdV equation, Benja-
min-Bona-Mahony (BBM) equation, modified BBM equation, fifth-order dispersive equation,
Kawahara equation, modified Kawahara equation, (2i 4+ 1)-order KdV equation, every sum of
derivative order of every term is odd in all these equations. And for Boussinesq equation, non-
linear Klein—-Gordon equation, symmetrical-regular long wave equation, second-order Benjamin—
Ono (BO) equation, Bretherton equation, every sum of derivative order of every term is even in all
these equations.

Therefore, the equations mentioned above can be classified as follows: the equations, whose
sum of derivative order of every term is odd, are set as the first kind; and the equations, whose
sum of derivative order of every term is even, are set as the second kind. In Sections 3 and 4, we
illustrate the applications of JEFE method to these two kinds of nonlinear wave equations.

It is known that sn¢ — tanh £ when m — 1, thus (3) degenerates as the following form:

u(é) = zn:aj tanh’ £,
=0

u
df(2m+1)

=gu(sné)enédné, m=0,1,2,...

So we can also obtain solitary or shock wave solutions by using JEFE method.
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3. Applications to the first kind of equations

3.1. Benjamin—Bona—Mahony (BBM) equation
Ou n Ou n Ou n o*u 0
o Cax T ox P arox

Substituting (2) into (12), we have

du du d*u
—c)— B
(CO c)dé—f—udé pC dé}

Thus we can deduce from (10) and (11) that

du du
—_— :2 1 B = .
O(ud ) n+1, O(d@) n+3

Balance of these orders gives
n=2.

0.

So the BBM Eq. (12) may have the following form travelling wave solution
u(&) = ap + aysn & + aysn’¢
and from (14), (5) and (7), we have

% = (a1 + 2axsné)enédn €,
dé
du 2 2 23
ud—i = [apa) + (aj + 2apaz)sn & + 3ajasn~E + 2a5sn°Elenédn é,
d’u 2 2 2 2 2 3
& =[-(1+m)a; — 8(1 +m")axsn & + 6m~a;sn“E + 24m asn’Elen Edn &.

Substituting (15)—(17) into (13) yields
(co — ¢)ay + apa; + (1 + m*)pck’a; = 0,
2(co — ¢)ay + (ai + 2apas) + 8(1 + m*)pck*a; = 0,
aya, — 2m2pck2a1 =0,
a; — 12m’pck*a; = 0.
Thus we can determine the coefficients
a =0, a =12m’pck*, ay=c—cy— 41+ m)pck?,

where k and ¢ are arbitrary constants.

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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Substituting (18) into (14), a final solution is
u=c—cy— 41 +mpck* + 12m*pck*sn’k(x — ct), (19)

which is the exact periodic solution of BBM Eq. (12).
Taking m = 1, then (19) is reduced to

u=c—cy— 8pck?® + 12pck® tanh? &,

which is the solitary wave solution of BBM equation.
Similarly, this method can be applied to other equations of the first kind.

3.2. Fifth-order dispersive equation

Ou ou Q*u ’u

o P T as T
It is easily determined that its ansatz solution is (14), too. Applying (14), (5), (6) and (9), we can
determine that

0.

60gm>k>
4 =0, a=—"T"" c=16gk*(1 —m* +m),
p
where k and a, are arbitrary constants.

The periodic solution of fifth-order dispersive equation can be written as

60gm>k>
u=amy— a sn’k[x — 16gk*(1 — m* + m*){]
p
and its corresponding solitary wave solution is
60gk>
u=ay— 2T anh? kx — 16qk*t).
p
It is obvious that sum of derivative order of every term in (2i 4 1)-order KdV or mKdV equation
Ou Jou X 0y
E—l—clu a—i- Cz;+1w:0, M:1,2,3,... (20)

i=1

is odd, so JEFE method can be easily applied to it. In Section 3.3, we will show detailed appli-
cations to (2i+ 1)-order KdV or mKdV equation, including Kawahara equation, modified
Kawahara equation.

3.3. Kawahara equation

au a_u_|_ @4_ as_u_()
o Vox T Par Ts T

Obviously, here / = 1 and M = 2 in (20). Its ansatz solution is

u(&) = ag + arsné + asn*¢ + azsn’¢ + agsn'é. (22)
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Substituting (22) into (21) leads to the following solution
5 936gm*k?
=c—pk
p — 52(1 4+ m?)qk?
18720gm? (1 + m?)k?
p— 52(1 + m?)gh?

2727, 2 2
_ 280m*k[p 1532(1 +m)gk’] sn’k(x — ct), (23)

which is the exact periodic solution of Kawahara equation (21).
Taking m = 1, then (23) is reduced to

69p° 210p° ) —p 105p? 4 —p
—c— tanh? |+, |- L(x —et)| — tanh* | £ [ L(x et
"= T69g T 169 A" 524" )|~ Teog 120 52" |

which is the solitary wave solution of Kawahara equation, and k> = —p/52q.

—4(1 + m2)] — gk* [nmz +16(1 4+ m?)’

] — 1680gm*k*sn*k(x — ct)

3.4. Modified Kawahara equation

ou  ,0u o*u ’u
3 e P T i
here / =2 and M = 2, and it is easily determined that » = 2 and its ansatz solution is (14).
Substituting (14) into (24) yields the following result
20¢(1 + m*)k* —
—10g

and its corresponding solitary wave solution is

L L P 4 6\/—10gk> tanhk | x — l—p—2—24qk4
/—10g 10g

=0, (24)

u== Pig —10gm*k*sn’k(x — ct)

4. Applications to the second kind of equations

4.1. Second-order Benjamin—Ono equation

o%u 0%u? *u
W+qa2+ra4 0. (25>

Its ansatz solution is (14). Applying (5), (6) and (8), we have

2
j_; = [2apay + (24 + daoaz)sn & + 6a;arsn®é + dadsn*Een Edn ¢, (26)
d*u ) 222 2 242 2 2
d—f4 = —8(1+m")ay + [(1 + m")” + 12m"]Jaysn & + 8[2(1 + m")” + Im*|arsn“¢&

—20m*(1 + m*)aysn®E — 120m* (1 + m*)azsn*E 4 24m*a;sn°E + 120m*aysn’é, (27)
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d*u?
dg
+2[2m*ag — 9(1 + m)az]a;sn’é + 2[3mPa? + 6m*apa; — 8(1 + m?)ai]sn*¢
+ 24m’aarsn’é + 20m2a§sn6/f.
Substituting (26)—(28) into (25) yields
2c%ay + 2q(aj + 2apay) — 4rk* (1 + m*)a, = 0,

(1 +m)ay + 2q[(1 + m*)ay — 6az]a; — rk*[(1 + m?)* + 12m*|a; = 0,

A1 +mP)ay 4+ q[(1 + m*) ' +2(1 + m?)apas — 3a2] — 27k>[2(1 + m?)* + 9m?]a, = 0,

cm*ay + q[2m*ay — 9(1 + m*)az)ay — 10rk*m* (1 + m*)a; = 0,

3ctm’ay + q3m*a + 6m*apay — 8(1 + m*)a3] — 60rk*m* (1 + m*)a; = 0,
qm2a1a2 +rk’m*a; =0,

qm a2 + 6rk’m*a, = 0,

from which it is determined that

6rm*k* 4(1 + m*)rk* — c?
ay = 0, a, = — s ap = 5
q 2q

where ¢ and k are arbitrary constants. Thus the periodic solution of (25) is

4(1 2 k2 _ a2 6 2k2
u= (1 & m)r c o sn’k(x — ct),
2q q

its corresponding solitary wave solution is

2_ 2 2
u= Sk — " bk tanh® k(x — ct).
2q q

4.2. Symmetrical-regular long wave equation

0%u 62u n 0%u? n *u
]/‘— =
2 Pad T e T e

Its ansatz solution is (14).
Substituting (26)—(28) into (29) yields
6rm*k*c _E+p—4r(1+m )k

:0 = =
aj , @ q , Qo 2qc

)

73

=2(a} + 2apay) — 2[(1 + m*)ag — 6az]a;sn & — 4[(1 + m*)a? + 2(1 + m*)apa, — 3ai]sn’*¢

(28)
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where ¢ and k are arbitrary constants. Thus the periodic solution of (29) is
Y A +p—dr(l + m*)k*c? N 6rm*k*c

2qc q
and its corresponding solitary wave solution is

sn’k(x — ct)

4 p—8rk*c*  6rkc
u= +

20 p tanh® k(x — ct).

5. Conclusion

The JEFE method is applied to some nonlinear wave equations and its applying domain is
given. The periodic solutions obtained by the JEFE method can be deduced as the shock wave or
solitary wave solutions in the limit condition. In this paper, the JEFE method is applied to
(2i + 1)-order KdV equations only when i = 2; when i = 1, i.e. KdV equation, its results can be
found in Ref. [1]. Actually, more mathematical softwares, such as Mathematica and Maple,
dealing with symbol computation have been applied to the boring algebraic operations, so
(2i + 1)-order KdV equations with large value i can be easily solved similarly. Actually, this
method can be applied to obtain solutions to more nonlinear wave equations, as long as the sum
of derivative order of every term is odd or even simultaneously in the nonlinear wave equations.

In this paper, only even n in (3) is considered, so the expansion about other Jacobi elliptic
functions such as cné and dn¢ gives the same results as that about sn¢é for the relations (4).
However, we can get different solutions when we use different JEFE in some cases, especially when
n is odd in the (3), the details about » = 1 can be found in [16] (for mKdV equation and nonlinear
Klein—Gordon equation). Of course, the above discussions can be applied to coupled equations,
see [1,17,18] (for a variant of the Boussinesq equations) for example.
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