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Applications of Elliptic Equation to Nonlinear Coupled Systems*
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Abstract The elliptic equation is taken as a transformation and applied to solve nonlinear coupled systems. It
is shown that this method is more powerful to give more kinds of solutions, such as rational solutions, solitary wave
solutions, periodic wave solutions and so on, so this method can be taken as a unified method in solving nonlinear coupled

systems.
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1 Introduction

Since more and more problems have to involve non-
linearity, how to solve these nonlinear models attracts
much attention, and many methods have been proposed to
construct exact solutions to nonlinear equations. Among
them are the function transformation method,!=4 the
homogeneous balance method,[®=7 the hyperbolic func-
tion expansion method,®~™ the Jacobi elliptic func-
tion expansion method,*2!3l the nonlinear transforma-
tion method,[!415] the trial function method™6:17 and
others.[18-20]

Among these methods, a transformation is often in-
troduced to simplify solving processes.[!=%819 For exam-
ple, in the hyperbolic function expansion methods, when
a transformation is introduced, one can get more kinds of
solutions. For example, Fanl®! introduced

u=u(w), i—?:b—&—uﬂ, w=w(), f=xz—ct,(1)
and Yan et al.'% extended it as
u=u(w), i—? = R(1 + pw?). (2)

Actually, there Fan and Yan applied the well-known Ric-
cati equation as their transformations.
In this paper, we will consider elliptic equation!2!]

4
y/2 = Z a’iyi ) Gq 7é 07 (3)
=0

where y' = dy/d¢, and take it as a new transforma-
tion to solve nonlinear wave equations. In the following
sections, applications of transformation (3) to some well-
known nonlinear coupled systems will be discussed.

2 Coupled mKdV Equations
We here consider coupled mKdV equations of the fol-
lowing form

2
Up + QU Uy + BUgze + CoVe =0,

v + you, + §(uv), = 0. (4)
Seeking their solution in the following frame
u=u(f), v=uv(f), E=x—ct, (5)
then we can get

—cu' 4 au?u' + Bu” + v’ =0,

— v’ + v’ + §(uww) =0. (6)
And then we suppose that equations (4) have the following
solution
ni na
u=uly) =Y by, v=vly) =Y dyy?, (7)

j1=0 Jj1=0

where y satisfies the elliptic equation (3), then

a 3a
"= a7y + 200

y" = (ag + 3azy + 6asy®)y’. (8)
There n in Eq. (7) can be determined by the partial bal-
ance between the highest order derivative terms and the

highest degree nonlinear term in Egs. (4). Here we know
that the degrees of v and v are

O(u) =0(@y™) =n1, Ov)=0(y")=mn2, (9)
and from Egs. (3) and (8), one has

O@y*)=0@" =4, O@")=0@")=3.  (10)
Actually one can get
OyW)y=1+1. (11)
So one has
O(w)=n;, OW)=ny, OW)=n+1,
oW =n1+2, O@wh)=n;+1. (12)

For coupled mKdV equations (4), we have ny = 1 and
ny = 1, so the ansatz solution (7) can be rewritten as

u:b0+b1ya U:d0+d1y7 b17é0, dl#o (13)
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Substituting Egs. (13) into Egs. (6) leads to and
60 1
Sﬁag 66a4 u=by = i\/——ﬁ -, (25)
Gﬂa4 « g
4ic 26 65 1
4 — 20, ) 6Bas v=dotdiy=——50 F oA/ o, (26)
~y a Y Y a §
36a2  28as  46cy . 36Pas = Whi.C}.l .are ra.tional solu‘Fions. The rationa.l solutions are
do = — + -— = — . (14)  a disjoint union of manifolds and the particle system de-
4dvay v y Yo 65a4

So if az = 0, then

by =0, Y
o
6 2 46
dy = :F* Pas , do= Paz _ go , (15)
v « Y v
and if we take the arbitrary constant a; = 0 then the
transformation (3) takes the following form
Y% = ag + aoy® + asy?, (16)

which has many more kinds of solutions, some of which
we will show next.
Case A Consider ag = 0, then

y”? = ay® + ay®, (17)
and we have two kinds of solutions:
(i) If az > 0 and a4 > 0, the solution is
y:i,/%csch(@g), (18)
4
and
u=by==44/— 65(12 csch (vaz ) (19)
2 49
Y
6
2T (v ). (20)
(ii) If az < 0 and a4 > 0, the solution is
[a
y== —a—j csc (v—az &), (21)
and
65@2
u="by==+ csc (v—asz §), (22)
a
2 44
v=do+diy= des _ ;0
v
Gﬂa
> 2 ese (v=az €). (23)

These two kinds of solutions deal with “hot spots” or
“blow-up” of solutions, 225 which can develop singular-
ity at a finite point.

Case B Consider ag = as = 0 and a4 > 0, so by = 0,
then
1

Ve 24)

y==

scribing the motion of pole of rational solutions, which
have been discussed in many literatures, such as Refs. [26]
and [27].
Case C Consider transformation (16) directly, from
which many more solutions expressed in terms of different
elliptic functions!?!] can be got.

(i) If ap = 1, ag = —(1 +m?), and ag = m? (where
0 <m <1, mis called modulus of Jacobi elliptic func-

tions, see Refs. [21] and [28] ~ [30]), then the solution
is
y =sn(&m), (27)
where sn (¢, m) is Jacobi elliptic sine function (see
Refs. [21] and [28] ~ [30]), and
u="by== f%m sn(&,m), (28)
e!
26(1 +m?
U:do—f—dly:—iﬁ( +m )
v
4(500 28
—7$? —Emsn(& m). (29)

(i) If ap = m?, ag = —(1 +m?), and ay = 1, then the

solution is

1
y*ns(fam):mv (30)
and
w=biy =/~ s (,m), (31)
2
v=do+diy= _725(1+m )
v
4bco 26 60
—?:F; _Ens(fa m). (32)
(iii) If ag = —m?, as = 2m? — 1, and ay = 1 — m?,
then the solution is
1
ne (§,m) = e (&,m)’ (33)
where cn (€, m) is Jacobi elliptic cosine function (see
Refs. [21] and [28] ~ [30]) and
1 —m?2
u=by==+ —M nc (&,m), (34)
2 _
o do ot dy — 20@ = 1)
4dcy 20 66(1 —m?
S B e em). (8)
v v o
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(iv) If ag = 1, ag = 2 —m?, and ay = 1 —m?, then the

solution is

:sc(f,m)Em, (36)
and
u=by==+ fw%_m%sc(f,m), (37)
v=d0—|—d1y=72ﬁ(2_m2>
Y
46 ) —m?2
SR e em). )

(v) If ag = 1 —m?, ap = 2 —m?, and a4 = 1, then the
solution is

_cn(§m)
= em) )
and
u=biy=+y/-Lesem), (10)
26(2 — m?
U:do—Fd]y:iﬁ( ™)
5
docy 20 60
U Y . A1
PE ) Tesem. @y
(vi) If ag = 1, aa = —(1 +m?), and ay = m?, then the
solution is (6.m)
cn (&, m
y—Cd(E,m):W7 (42)
where dn (£, m) is Jacobi elliptic function of the third kind
(see Refs. [21] and [28] ~ [30]) and
u=by==+ —%mcd(f,m)7 (43)
«
2
U:%+my__%@iﬂﬁ
48
05 \/ m cd(€,m (44)

(vii) If ag = mz(m - 1), as =2m? —1,and a4 = 1,
then the solution is

dn (&, m)

and
u:bly:i\/—%ds(f,m), (46)
v:d0+d1y:2ﬂ(2m72_1)
0
1) 1)
o2 Casem. @

R

(viii) If ag = m?, ay = —(1 +m?), and ay = 1, then
the solution is

dn (&, m

y=dc({,m) = (& m)

an&m) )

and
w=biy =/~ de(em). (19)
26(1 2
o= dyt dyy — — 2P0
8l
46cy 20 B
- 2= ,m) . 50
roR de (§,m) (50)
(ix) If ap = 1 —m?2, az = 2m? —1, and ay = —m?, then
the solution is
y=cn({,m), (51)
and
u=by==4 \/ mcn (& m), (52)
B(2m? — 1)
v=dy+diy=——-—7—=
46co 26 6
- &m). 53
T cn (§,m) (53)
(x) If ag = 1 —m?, ag = 2 —m?, and ay = —1, then
the solution is
y=dn({,m), (54)
and
u=biy =2/ dn(,m), (59)
2
v=dop+diy= 72ﬁ(2 ™)
46co 26 ﬁ
- &,m). 56
poal dn (£, m) (56)
(xi) If ap = —1, az = 2 — m?, and ag = m? — 1, then
the solution is
1
,m) = 57
€™ = S (57)
and
2.1
U = bly =+ _6ﬂ(ma ) nd (ga m) ; (58)
26(2 — m?
o= do+dyy = 2E=M)
vy
44¢ 20 668(m? —1
S B0 2 D aemy. (59)

:F —_
7y o
(xii) If ap = 1, az = 2m? — 1, and a4 = (m? — 1)m?,
then the solution is

_s(em)
and
uzbly:i\/—wsd@, ), (6D
v = dO + dly = Mtl)
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e B e m).
v v a

And among the Jacobi elliptic functions, sine Jacobi el-
liptic function, cosine Jacobi elliptic functions and Jacobi
elliptic function of the third kind are three basic ones,
and all other Jacobi elliptic functions can be expressed
in terms of them. These periodic solutions expressed in
terms of each Jacobi elliptic function or some Jacobi ellip-
tic functions have their physical meanings respectively, es-
pecially, it is known that when m — 1, sn (§,m) — tanh¢,
cn (§,m) — sech§, dn (¢, m) — seché and when m — 0,
sn (&, m) — sin&, cn (§,m) — cos€. So we can also get
more kinds of solutions expressed in terms of hyperbolic
functions and trigonometric functions, i.e. we can get
more solitary wave solutions, kink solutions, singular wave
solutions, and so on.

(62)

3 System of Variant Boussinesq Equations

The system of variant Boussinesq equations reads!®!

which is a model for water waves, where u(z,t) is the ve-
locity and H(x,t) is the total depth.

We seek its travelling wave solutions in the following
frame,

ug + Hy +uu, =0,

u=u(f),
where c is wave velocity.

And then we suppose that equations (63) have the fol-
lowing solution

H=H(), &=xz-—ct, (64)

)= 3 doy . (69)

J2=0

n1

H:H(y)zzbhyjla U =

j1=0
where y satisfies the elliptic equation (3). There n in
Eq. (65) can be determined by the partial balance between
the highest order derivative terms and the highest degree
nonlinear term in Egs. (63). For the system of variant
Boussinesq equations (63), we have ny = 2 and ny = 1, so

the ansatz solution (65) can be rewritten as

H =by + by +boy?, u=do+dry, b #0, di #0.(66)

Then substituting Eq. (66) into Eq. (64) and collecting
each order of y yields the algebraic equations about coeffi-
cients b;(j =0,1,2), d;(j =0,1), and a; (1 =0,1,2,3,4),

1 cas
:—2 s = — s :—7|: i :|)
b2 aq b1 as bo D) a9 2\/@
as
dy = %2 dy=c= . 67
1 Vay, 0==¢C 2 /i (67)
So if az = 0, then
b2:_2a'47 blZO, boz—%7
d() =c, d1 = 12\/@, (68)

Q
H:bo+52y2:*§2*2@492 =

2 (1 +m?)

and if we let the arbitrary constant a; = 0, then the trans-
formation (3) takes the following form

12

y? = ag + azy® + asy*, (69)

which has many more kinds of solutions, some of which
we will show next.
Case A Consider ag = 0, then

y*? = asy® + asy’, (70)
we have two kinds of solutions.
(i) If ag > 0 and a4 > 0, the solution is
a
y=+ % esch (yaz €), (71)
4
and
H=10b+ b2y2 = —% — 2a4y2
= —6%2 — 2ascsch ?(y/ag €), (72)
u=dy+diy
= ¢+ 2\/agy = ¢ £ 2\/ay csch (y/az §). (73)
(ii) If az < 0 and a4 > 0, the solution is
y =/~ cse (V=2 €), (74)
4
and
H =by + b2y2 = —% - 2a4y2
= - % + 2ay csc?(V—az &), (75)
u=do+d1y =c=*2/asy
=c+2y—azcsc(vV—az §). (76)

Case B Consider ag = ao = 0 and a4 > 0, so by = 0,
then

1
=4+—, 7
Y=t (77)
and

_ 2 _ _ 02 2 2
H = by + bay ——?—261431 —?27 (78)

2
u:do+d1y:c:t2\/a4y:c:tg. (79)

Case C Consider transformation (69) directly, from
which many more solutions expressed in terms of different
elliptic functions!?!l can be got. Here we show some more
generalized solutions.

() If ap = p%4?% ay =
u?m? /A2, then the solution is

—p2(1 + m?), and ay =

y=Asn(pgm), (80)

and

9 - QHZmQSHQ(H&m) )
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u=dy+diy=ct2yay=ct2y/p>m?sn(ug,m). (82)
(i) If ap = u?m2A?, ag = —p2(1 +m?), and ay = p?/A?, then the solution is
y=Ans(ugm), (83)
and
2 1 2
H:bo+b2y2:—%—2a4y2: %—QMZHSZ(#&WL)’ (84)
u=do+diy=ct2/asy =cEt2y/p?ns(p&,m). (85)
(iii) If ag = —p?m2 A2, ag = p?(2m? — 1), and ag = p?(1 — m?)/A?, then the solution is
y=Anc(ugm), (86)
and
2(2m? — 1
H=bot by = =2 oy = LD 020 myne(ue,m), (57)
u=do+diy=cx2/asy =cx2/p2(1 —m?)nc(pn&m). (88)
(iv) If ap = p? A2, as = p%(2 — m?), and a4 = p?(1 — m?)/A2, then the solution is
y = Asc(ug,m), (89)
and
2 a2 2 2 (2 —m?) 2 2y 2
H=0by+by =—7—20y"=—"——7—— -2 (L —=m7) sc™(ng,m), (90)
u=do+diy=cx2yay =cx2y/p2(1 —m?)sc(u&,m). (91)
(v) If ag = p2(1 — m?)A2, as = p%(2 — m?), and aq = pu?/A2, then the solution is
y=Acs(pg,m), (92)
and
a 2(2—m?
H:b0+b2y2:f?272a4y2:7¥72u2csz(u§,m), (93)
u=do+diy=ct2/asy =cEt2y/p? cs(u&,m). (94)
(vi) If ag = pu2A?, ag = —p(1 +m?), and aq = u?m?/A?, then the solution is
y=Acd(pgm), (95)
and
2 1 2
H = by + byy? = f% —2a4y° = % —2p®m?ed (&, m), (96)
u=do+diy=ct2asy=ct2y/p2m? cd (&, m). (97)
(vii) If ap = p?m?(m? — 1)A?, ag = p?(2m? — 1), and ag = p?/A?, then the solution is
y=Ads(ug,m), (98)
and
a 2(2m? -1
H:bo+bgy2:—§—2a4y2:7¥72u2ds2(u§,m), (99)
u=do+diy=ct2ay=ct2y/p2ds(u&m). (100)
(viii) If ag = pu®>m?A2, ag = —p%(1 +m?), and ay = p?/A2, then the solution is
y=Adc(ugm), (101)
and
2 1 2
H = by + byy? :7%72(14@/2 = %—2/12&:2(#5,771), (102)
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u=do+diy=ct2/ay=cx2y/p?dc(p&m). (103)

where A and p are constants.

4 Coupled Nonlinear Klein—Gordon
Schrodinger Equations

Coupled nonlinear Klein—Gordon Schrédinger equa-
tions reads

Utt — cgum- + f§u —v]* =0,

vy + Quge + Buv = 0. (104)
We solve Egs. (104) in the following frame,
u=u(§), v=¢Ee ™, E=pla—cpt). (105)

Substituting Eq. (105) into Egs. (104) leads to
p2(c§ — A+ fiu—v¢* =0,
ap?¢” +ip(2ak — cy)¢’ + (w — ak?)p + Bud = 0. (106)

Set ¢y = 20k, w — ak? = —6, then one has
u' 4 fru—v1¢* =0, ¢ =816+ Prup=0, (107)
where
I ' _ "
fl_pQ(Cg—C%)’ 71_p2(cg2]_cg)7
4 B
0 = — = —. 108
Il B e (108)

Similarly, we assume that the solutions of Egs. (107)
take the form of Eq. (65), we can get ny = ny = 2 for
Egs. (107), i.e
¢ =do+ dry + day®,

(109)

u = bo + b1y + boy?

by #0,  d2#0,
where y satisfies elliptic equation (3). Then substituting
Eq. (109) into Egs. (107) leads to
6o, _ 3a
Br Br

fi . 3a3 }

bo = 61[614_7—’—@_2@2

by = —

(110)

and
6ay 3as

e S di = +——2
Vv —ﬂl’h ’ ! vV —5171 ’
fl 3&:2))]

de ==+

do ==+ 2a3 + o —

ve ool
—imn 2 8ayl
If a3 = 0, then by = d; = a7y =0 and

o + é —2a2]

(111)

b= ﬂl[

\/%M[Q“Q + ];1}

then the transformation takes the following form,

do = + (112)

y"? = ag + azu® + agu’. (113)

This is elliptic equation, and it also has many more kinds
of solutions, some of which we will show next.
Case A Consider ay = 0, then we have two kinds of
solutions.

(i) If a2 > 0 and a4 > 0, the solution is

y=+,/2 esch(vaz €), (114)
Qaq
and
u=by— %y =bg — baz csch?(y/az €), (115)
B B
6as o] i(ke—wt)
v=|dy £t ——=y"| e
ot g
- [do 52 (\ﬁg)} ike—wt)  (116)
vV—=5m
(ii) If ag > 0 and a4 < 0, the solution is
y::t,/fa— sech (y/az &), (117)
4
and
6@4 2 6
u—bo—ﬂ—y —bo—i—ﬂ—sech (Vaz2 &), (118)
bay 2| Li(kz—wt)
v=|dy £t ——=y"| e
|: 0 \/fﬂl"}/ly :|
= [do PN B (Vag )] elFz=wt) — (119)
vV—=5m

Case B The ansatz just takes the form of Eq. (113),
and there exist many more kinds of solutions expressed
in terms of different Jacobi elliptic functions.?t) We show
some generalized solutions just like what we have done in
the former section next.

(i) If ap = p2A?, ay =
u?m? /A2, then the solution is

—p2(1 +m?), and ag =

y=Asn(ug&m), (120)
and
2,2
u:bo_% 2—b0_6'u n2(u€am)7 (121)
pr B
bay 2| Li(kz—wt)
v=|dyt+ ———y"| e
[ ’ V=5im }
6M2m2 2 i(kx—
= |do £ ———— sn?(u&,m)| e'Fz=wt) 122
o= e s m)| (122)
(i) If ap = p2(1 — m?)A2, ay = p?(2m? — 1), and
ay = —p?m? /A2, then the solutlon is
y=Acn(ugm), (123)
and
2,2
w=bo— 22—y B 2 m),  (124)
b B
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61°m% 51 ket and
v=|dy £ —m———y?| el (Fr—wt)
{ V=>bim } 6a 61%(1 — m?)
4 H 2
6 w=by— 5ty = by se?(u€,m) , (139)
= [do TR cn2(ﬂ§,m)] eilko—wt) (125) A h
V=>01m Y [d n 6as o oi(kz—wt)
(iii) If ag = p2(1 — m?)A2%, ay = p%(2 — m?), and I ,/—ﬁwly
ay = —p?/A2?, then the solution is 6u2(1 —m?) S
= [doii sc (uf,m)} e!\FrTet) T (140)
Yy = Adn (,U,f, m) ) (126) V *61"}/1
and (viii) If ap = p2A?, ay = p?(2m? — 1), and ay =
6 612 20,2 _ 2/ 42 o
w = by — % 2 _ by + 57 dn2(ug,m), (127) (m? — 1)m*/A?, then the solution is
N y=Asd(uém), (141)
_ 4 2| Ji(kz—wt)
v=|dg % Yol e
[ ' V=B } and
20,02 2
64 2 ho—wt b—% b,w d?(pné,m), (142)
:{doiidn (Mévm)}el(ﬂv W)‘ (128) u =50 ﬁ y Y ﬁ S nes,m),
(iv) If ap = p®m2A2, ay = —p2(1 +m?), and ay = ¢ = [doi &yQ oilkz—wt)
u? /A2, then the solution is V=bim
6 2 2 _ 1 2 .
y=Ans(ugm), (129) = [do + ,u(m_\/Wl)m sdg(,uam)} eilkz=wt) = (143)
and
6as , 6,12 (ix) If ag = p2(1 — m?)A?%, ay = p%(2 — m?), and
u = by — ﬁy =bo — By ns?(pn& m), (130) ¢, = u?/A?% then the solution is
v = |:d0 + 6&4 y2:| ei(kx—wt) Y= Acs (Mga m) ’ (144)
\% _51’71 and
— 6'”’2 2 i(kz—wt) 6a 612
= |0 g metuem ettt (13 u=tby - Syt =y - st pem),(145)
(v) If ag = —p®>m?A2%, ay = p?(2m? — 1), and ay = 604 5] i(ke—wt)
p2(1 —m?)/A2?, then the solution is v = [dO + Wy ] e
Yy= Anc (M ga m) ) (132) 6[12 i(kq
and = [do + Naen CSQ(Mf,m)} ellke—wt) (146)
201 _ 2
u=by — %y = by — 6p°(1 = m”) c?(pn&,m), (133) (x) If ap = p?A? ap = —p(1 +m?), and ay =
A B u?m? /A2, then the solution is
6a i —
v [doiﬁf ettty y=Acd(ug&m), (147)
6u2(1 —m?) o and
= |dy + ————Z nc?(u&,m)| et (134) 2 9
[ V=>51m } u:bo—% 2—b0—6'u d d2(/~557m)7 (148)
(vi) If ap = —p2A2, as = p?(2 — m?), and ay = & &
20,2 2 o .
w?(m? —1)/A?, then the solution is v — [do + 624 yz] ol (kz—wt)
y=And(ugm), (135) oo
6 .
and = [do + \/% cd?(u fﬂn)] eilka=wt) (149)
webo— 82—y SO =D 2e my L (136) »
-0 51 -0 ) pem, (xi) If ag = p?m?(m? — 1)A2%, ay = p?(2m? — 1), and
2/ A2 con
Y {do } P ay = p* /A=, then the solution is
_51’71 y=Ads(u&m), (150)
6p%(m? — 1) (ki —wt
= |do £ ————nd*(ug,m)| ' (137) and
{ —Him } 6as o 612
(vii) If ap = p?42% ay = p?(2 — m?), and ay = u = by — ﬁ = bo _ﬁi ds?(ué,m), (151)
u%(1 —m?)/A2?, then the solution is
4 V= |:d0 + bay y2 ei(kaszt)
y=Asc(ugm), (138) V—"Pin
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61> ds2(ué,m)] i ke—et).
V—=5m ’

(xii) If ag = p?m2A2, ay = —p?(1 + m?), and a4 =
u? /A2, then the solution is

= |dy £ (152)

y=Adc(ugm), (153)
and
2
w=bo— 202y O e m),  (154)
61 /81
6ay 2| Li(kz—wt)
v=|dy+ ————y“| e
o+ 7]
6 2 i(kx—
= |dp £ —— dc ,m)| ellkz=wt) 155
o+ = de?(u&m) (155)

Of course, we can have more solutions if we do not
take a3 = 0, but we do not discuss this here for senten-
tiousness. In this section, we got more kinds of periodic
solutions, solitary wave solutions, rational solutions, and
so on. Moreover, we got more kinds of envelope periodic
solutions, envelope solitary wave solutions, envelope ratio-
nal solutions, and so on. Similarly, these solutions can be
applied to explain some nonlinear phenomena, especially
in optical fibre communications and others.

5 Conclusion

In this paper, we consider elliptic equation as a new
transformation and propose a new method to solve cou-
pled nonlinear systems, more kinds of solutions can be got

there, including rational solutions, solitary wave solutions
constructed in terms of hyperbolic functions, periodic so-
lutions expressed in terms of trigonometric functions, and
periodic solutions dealing with elliptic functions. Here
we got more new periodic solutions expressed in terms of
function of Jacobi elliptic sine function and/or Jacobi el-
liptic cosine function and/or Jacobi elliptic function of the
third kind, these solutions are not given in literatures to
our knowledge.
If ay = 1 and ag = a%/4 in Eq. (69) or (113), then

y' = % +y?,
which just recovers transformation (1) given by Fan.[®
And if we take ag = R?, ay = 2uR?, and ay = p?R?, then
transformation (69) or (113) also recovers the transforma-
tion (2) given by Yan.!'?! So it is obvious that transfor-
mations (1) and (2) are just special cases of Eq. (3). But,
applying transformations (1) and (2) to solve nonlinear
wave equations, the periodic solutions expressed in terms
of elliptic functions cannot be obtained. And application
of transformation (3) to some coupled nonlinear systems,
the obtained solutions consist of those from the hyper-
bolic tangent expansion method, 911 the Jacobi elliptic
function expansion method,[!213] the nonlinear transfor-
mation method,**% and the trial function method,[16:17)
so it can be taken as a unified method, and more appli-
cations to solve other nonlinear wave equations are also
applicable.
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