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Abstract

On the basis of analysis to the projective Riccati equations, an intermediate transformation in expansion method is

constructed. And this transformation is applied to solve Gardner equation, there many new kinds of travelling wave

solutions including solitary wave solution are obtained, in which some are found for the first time.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

The Gardner equation reads
* Co

E-m

0960-0

doi:10.
ut þ cuux þ au2ux þ buxxx ¼ 0 ð1Þ
where c, a and b are real constants, and u is a real function. Eq. (1) is also called combined KdV–mKdV equation, and it

is widely applied in various branches of physics, such as solid-state physics, plasma physics, fluid physics, quantum field

theory and so on [1–3]. Many methods have been applied to solved Eq. (1), such as, Wadati’s inverse scattering

transform and Hirota methods [1,2], Coffey’s series expansion method [4], Mohamad’s direct method [5], Lou’s

mapping method [6] and Zhang’s leading-order analysis method and direct method [7]. The application of these

methods results in many kinds of exact solutions, including travelling wave solutions and various types solitary wave

solutions. In this paper, we will apply a new method to solve Eq. (1), there more kinds of solutions are derived, among

them some are found for the first time.
2. Formal solutions to Gardner equation

The travelling wave solutions of Eq. (1) take the following form
uðx; tÞ ¼ uðnÞ; n ¼ x� ct ð2Þ
where c is wave speed. After substituting Eq. (2) into Eq. (1), we have
�cun þ cuun þ au2un þ bunnn ¼ 0 ð3Þ
i.e.
�cþ c
2
u2 þ a

3
u3 þ bunn ¼ c0 ð4Þ
where c0 is an integration constant.
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In order to solve Eq. (4), a crucial ansatz
uðnÞ ¼
Xn
i¼1

f i�1ðnÞ½Aif ðnÞ þ BigðnÞ� þ A0; A2
n þ B2

n 6¼ 0 ð5Þ
is introduced, and f ðnÞ and gðnÞ are nonzero solutions to the projective Riccati equations [8–10]
f 0ðnÞ ¼ pf ðnÞgðnÞ ð6aÞ

g0ðnÞ ¼ qþ pg2ðnÞ � rf ðnÞ ð6bÞ
where p 6¼ 0 is a real constant, q and r are two real constants. When p ¼ �1 and q ¼ 1, Eqs. (6) reduce to the coupled

equations given in the references [8,9], and when p ¼ �1 and qP 0, Eqs. (6) reduce to the coupled equations given in the

reference [10].

For Eqs. (6), there is a relation between f and g
g2 ¼ � 1

p
q
�

� 2rf þ r2 þ d
q

f 2

�
ð7Þ
where d ¼ �1.

Applying above expansion method, if taking the expansion order of u as OðuÞ ¼ n and considering the relations (6)

and (7), then we have Oðdu
dnÞ ¼ nþ 1, so partial balance between the highest degree nonlinear term and the highest order

derivative term leads to n ¼ 1. Obviously, the formal solution can be written as
u ¼ A0 þ A1f ðnÞ þ B1gðnÞ; A2
1 þ B2

1 6¼ 0 ð8Þ
Considering the relation (7), from Eq. (8) one has
u2 ¼ A2
0

�
� q
p
B2
1

�
þ 2A0B1g þ 2A0A1

�
þ 2r

p
B2
1

�
f þ 2A1B1fg þ A2

1

�
� ðr2 þ dÞ

pq
B2
1

�
f 2 ð9Þ

u3 ¼ A3
0

�
� 3q

p
A0B2

1

�
þ 3A2

0B1

�
� q
p
B3
1

�
g þ 3A2

0A1

�
� 3q

p
A1B2

1 þ
6r
p
A0B2

1

�
f þ 6A0A1B1

�
þ 2r

p
B3
1

�
fg

þ 3A0A2
1

�
þ 6r

p
A1B2

1 �
3ðr2 þ dÞ

pq
A0B2

1

�
f 2 þ 3A2

1B1

�
� ðr2 þ dÞ

pq
B3
1

�
f 2g þ A3

1

�
� 3ðr2 þ dÞ

pq
A1B2

1

�
f 3 ð10Þ
and
d2u

dn2
¼ �pqA1f þ prB1fg þ 3prA1f 2 � 2pðr2 þ dÞ

q
B1f 2g � 2pðr2 þ dÞ

q
A1f 3 ð11Þ
Substituting Eqs. (8)–(11) into Eq. (4) yields
�
� cA0 þ

c
2

A2
0

�
� q
p
B2
1

�
þ a
3

A3
0

�
� 3q

p
A0B2

1

�
� c0

�
þ
�
� cA1 þ c 2A0A1

�
þ 2r

p
B2
1

�

þ a
3

�
� 3q

p
A1B2

1 þ
6r
p
A0B2

1 þ 3A2
0A1

�
� bpqA1

�
f þ

�
� cB1 þ cA0B1 þ

a
3

�
� q
p
B3
1 þ 3A2

0B1

��
g

þ cA1B1

�
þ a
3

2r
p
B3
1

�
þ 6A0A1B1

�
þ bprB1

�
fg þ c

2
A2
1

��
� ðr2 þ dÞ

pq
B2
1

�

þ a
3

6r
p
A1B2

1

�
� 3ðr2 þ dÞ

pq
A0B2

1 þ 3A0A2
1

�
þ 3bprA1

�
f 2 þ a

3
3A2

1B1

��
� ðr2 þ dÞ

pq
B3
1

�
� 2bpðr2 þ dÞ

q
B1

�
f 2g

þ a
3

A3
1

��
� 3ðr2 þ dÞ

pq
A1B2

1

�
� 2bpðr2 þ dÞ

q
A1

�
f 3 ¼ 0 ð12Þ
The arbitrariness of the argument n results in the following algebraic equations:
�cA0 þ
c
2

A2
0

�
� q
p
B2
1

�
þ a
3

A3
0

�
� 3q

p
A0B2

1

�
� c0 ¼ 0 ð13aÞ
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�cA1 þ cðA0A1 þ
r
p
B2
1Þ þ

a
3

�
� 3q

p
A1B2

1 þ
6r
p
A0B2

1 þ 3A2
0A1

�
� bpqA1 ¼ 0 ð13bÞ

�cB1 þ cA0B1 þ
a
3

�
� q
p
B3
1 þ 3A2

0B1

�
¼ 0 ð13cÞ

cA1B1 þ
a
3

2r
p
B3
1

�
þ 6A0A1B1

�
þ bprB1 ¼ 0 ð13dÞ

c
2

A2
1

�
� ðr2 þ dÞ

pq
B2
1

�
þ a
3

6r
p
A1B2

1

�
� 3ðr2 þ dÞ

pq
A0B2

1 þ 3A0A2
1

�
þ 3bprA1 ¼ 0 ð13eÞ

a
3

3A2
1B1

�
� ðr2 þ dÞ

pq
B3
1

�
� 2bpðr2 þ dÞ

q
B1 ¼ 0 ð13fÞ

a
3

A3
1

�
� 3ðr2 þ dÞ

pq
A1B2

1

�
� 2bpðr2 þ dÞ

q
A1 ¼ 0 ð13gÞ
from which the parameters can be determined, for example, for d ¼ �1, there are the following solutions:

Case 1: If A1 ¼ 0, A0 ¼ � c
2a, r ¼ 0, then
B1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 6bp2

a

r
; pq ¼ c

2b
þ c2

8ab
ð14Þ
obviously, there is a constraint ab < 0.

Case 2: If A1 ¼ 0, A0 ¼ � c
2a, r 6¼ 0, then
B1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3bp2

2a

r
; pq ¼ 2c

b
þ c2

2ab
; r ¼ �1 ð15Þ
obviously, there is the constraint ab < 0, too.

Case 3: If B1 ¼ 0, A0 ¼ � c
2a, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24b2p2

4acþ c2

s
; pq ¼ � c

b
� c2

4ab
; r ¼ 0 ð16Þ
Case 4: If B1 ¼ 0, A0 6¼ � c
2a, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 þ 2Þ
að2cþ cÞ

s
; A0 ¼ � c

2a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2cþ cÞr2
2aðr2 þ 2Þ

s
; pq ¼ ð2cþ cÞðr2 � 1Þ

bðr2 þ 2Þ ð17Þ
with constraints r 6¼ 0 and r2 6¼ 1.

Case 5: If A0 ¼ � c
2a, A1 6¼ 0, B1 6¼ 0, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 � 1Þ

4acþ c2

s
; B1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3bp2

2a

r
; pq ¼ 2c

b
þ c2

2ab
ð18Þ
with constraint r2 6¼ 1.

For d ¼ 1, there are the following solutions:

Case 1: If A1 ¼ 0, A0 ¼ � c
2a, r ¼ 0, then
B1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 6bp2

a

r
; pq ¼ c

2b
þ c2

8ab
ð19Þ
obviously, there is the constraint ab < 0, too.

Case 2: If B1 ¼ 0, A0 ¼ � c
2a, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 24b2p2

4acþ c2

s
; pq ¼ � c

b
� c2

4ab
; r ¼ 0 ð20Þ
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Case 3: If B1 ¼ 0, A0 6¼ � c
2a, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 � 2Þ
að2cþ cÞ

s
; A0 ¼ � c

2a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3r2ð2cþ cÞ
2aðr2 � 2Þ

s
; pq ¼ ðr2 þ 1Þð2cþ cÞ

bðr2 � 2Þ ð21Þ
with constraints r 6¼ 0 and r2 6¼ 2.

Case 4: If A0 ¼ � c
2a, A1 6¼ 0, B1 6¼ 0, then
A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 þ 1Þ

4acþ c2

s
; B1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3bp2

2a

r
; pq ¼ 2c

b
þ c2

2ab
ð22Þ
Eqs. (14)–(22) combining with Eq. (8) reach the formal solutions to Eq. (1).
3. Analysis to the projective Riccati equations

In order to obtain exact solutions to Eq. (1), we must derive the expression of f ðnÞ and gðnÞ.
Next, we will analyze the solutions to Eqs. (6). From Eq. (6a), one has
g ¼ 1

p
f 0

f
ð23Þ
Substituting Eq. (23) into Eq. (6b) leads to
f 00f � 2f 02 � pqf 2 þ prf 3 ¼ 0 ð24Þ
In order to solve Eq. (24), we introduce the following transformation
f ¼ 1

w
ð25Þ
then
f 0

f
¼ �w0

w
; g ¼ � 1

p
w0

w
ð26Þ
and
w00 þ pqw� pr ¼ 0 ð27Þ
For the solutions to Eq. (27), two basic cases must be considered. The first basic case is

Case A: q 6¼ 0

There are still two cases must be considered, the first one is

Case A1: pq < 0

Then we can assume k2 ¼ �pq, Eq. (27) can be rewritten as
w00 � k2w� pr ¼ 0 ð28Þ
and the general solution to Eq. (28) is
w ¼ a0 þ a1 sinh knþ a2 cosh kn ð29Þ
where a0 ¼ r=q, i.e.
w ¼ r
q
þ a1 sinhð

ffiffiffiffiffiffiffiffiffi�pq
p

nÞ þ a2 coshð
ffiffiffiffiffiffiffiffiffi�pq

p
nÞ ð30Þ
Considering the relation in Eq. (26), here we select two special solutions from Eq. (30), the first one is
w ¼ r
q
þ 1

q
sinhð ffiffiffiffiffiffiffiffiffi�pq

p
nÞ ð31Þ
then
f1 ¼
1

w
¼ q

r þ sinhð ffiffiffiffiffiffiffiffiffi�pq
p

nÞ ð32Þ
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and
g1 ¼ � 1

p
w0

w
¼ � 1

p

ffiffiffiffiffiffiffiffiffi�pq
p

coshð ffiffiffiffiffiffiffiffiffi�pq
p

nÞ
r þ sinhð ffiffiffiffiffiffiffiffiffi�pq

p
nÞ ð33Þ
From Eqs. (32) and (33) one can derive the relation between f ðnÞ and gðnÞ is (7) with d ¼ 1.

The second one is
w ¼ r
q
þ 1

q
coshð ffiffiffiffiffiffiffiffiffi�pq

p
nÞ ð34Þ
then
f2 ¼
1

w
¼ q

r þ coshð ffiffiffiffiffiffiffiffiffi�pq
p

nÞ ð35Þ
and
g2 ¼ � 1

p
w0

w
¼ � 1

p

ffiffiffiffiffiffiffiffiffi�pq
p

sinhð ffiffiffiffiffiffiffiffiffi�pq
p

nÞ
r þ coshð ffiffiffiffiffiffiffiffiffi�pq

p
nÞ ð36Þ
From Eqs. (35) and (36) one can derive the relation between f ðnÞ and gðnÞ is (7) with d ¼ �1.

Case A2: pq > 0

Then we can assume k2 ¼ pq, Eq. (27) can be rewritten as
w00 þ k2w� pr ¼ 0 ð37Þ
and the general solution to Eq. (37) is
w ¼ a0 þ a1 sin knþ a2 cos kn ð38Þ
where a0 ¼ r=q, i.e.
w ¼ r
q
þ a1 sinð

ffiffiffiffiffi
pq

p
nÞ þ a2 cosð

ffiffiffiffiffi
pq

p
nÞ ð39Þ
Considering the relation in Eq. (26), here we also select two special solutions from Eq. (39), the first one is
w ¼ r
q
þ 1

q
sinð ffiffiffiffiffi

pq
p

nÞ ð40Þ
then
f3 ¼
1

w
¼ q

r þ sinð ffiffiffiffiffi
pq

p
nÞ ð41Þ
and
g3 ¼ � 1

p
w0

w
¼ � 1

p

ffiffiffiffiffi
pq

p
cosð ffiffiffiffiffi

pq
p

nÞ
r þ sinð ffiffiffiffiffi

pq
p

nÞ ð42Þ
From Eqs. (41) and (42) one can derive the relation between f ðnÞ and gðnÞ is (7) with d ¼ �1.

The second one is
w ¼ r
q
þ 1

q
cosð ffiffiffiffiffi

pq
p

nÞ ð43Þ
then
f4 ¼
1

w
¼ q

r þ cosð ffiffiffiffiffi
pq

p
nÞ ð44Þ
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and
g4 ¼ � 1

p
w0

w
¼ 1

p

ffiffiffiffiffi
pq

p
sinð ffiffiffiffiffi

pq
p

nÞ
r þ cosð ffiffiffiffiffi

pq
p

nÞ ð45Þ
From Eqs. (44) and (45) one can derive the relation between f ðnÞ and gðnÞ is (7) with d ¼ �1.

The second basic case is

Case B: q ¼ 0

Then Eq. (27) can be rewritten as
w00 � pr ¼ 0 ð46Þ
its general solution is
w ¼ pr
2
n2 þ a1nþ a0 ð47Þ
where a1 and a0 are two arbitrary real constants.

From Eq. (47), one has
f5 ¼
1

w
¼ 1

pr
2
n2 þ a1nþ a0

ð48Þ
and
g5 ¼ � 1

p
w0

w
¼ � 1

p
prnþ a1

pr
2
n2 þ a1nþ a0

ð49Þ
4. Exact solutions to Gardner equation

Combining the results (32), (33), (35), (36), (41), (42), (44) and (45) with (8) and results from (14)–(22), we can obtain

many kinds of exact travelling wave solutions to Gardner equation (1), for example,

Type 1: For d ¼ �1, if ab < 0 and c
2b þ

c2

8ab < 0, then the solution to Gardner equation (1) is
u1 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

4a2

r
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� c
2b

� c2

8ab

s
n

 !
ð50Þ
Type 2: For d ¼ �1, if ab < 0 and c
2b þ

c2

8ab > 0, then the solution to Gardner equation (1) is
u2 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c
2b

þ c2

8ab

s
n

 !
ð51Þ
and
u3 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c
2b

þ c2

8ab

s
n

 !
ð52Þ
Type 3: For d ¼ �1, if ab < 0 and 2c
b þ c2

2ab < 0, then the solution to Gardner equation (1) is
u4 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

4a2

r
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2c

b � c2

2ab

q
n

� �
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2c

b � c2

2ab

q
n

� �
� 1

ð53Þ
Type 4: For d ¼ �1, if ab < 0 and 2c
b þ c2

2ab > 0, then the solution to Gardner equation (1) is
u5 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c
b þ c2

2ab

q
n

� �
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c
b þ c2

2ab

q
n

� �
� 1

ð54Þ
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and
u6 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c
b þ c2

2ab

q
n

� �
cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c
b þ c2

2ab

q
n

� �
� 1

ð55Þ
Type 5: For d ¼ �1, if 4acþ c2 > 0 and c
b þ

c2

4ab > 0, then the solution to Gardner equation (1) is
u7 ¼ A0 þ A1f ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

2a2

r
sech

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c
b
þ c2

4ab

s
n

 !
ð56Þ
Type 6: For d ¼ �1, if 4acþ c2 > 0 and c
b þ

c2

4ab < 0, then the solution to Gardner equation (1) is
u8 ¼ A0 þ A1f ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

2a2

r
csc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� c
b
� c2

4ab

s
n

 !
ð57Þ
and
u9 ¼ A0 þ A1f ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

2a2

r
sec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� c
b
� c2

4ab

s
n

 !
ð58Þ
Type 7: For d ¼ �1, if að2cþ cÞ > 0 and ðr2 � 1Þð2cþ cÞb < 0, then the solution to Gardner equation (1) is
u10 ¼ A0 þ A1f ¼ � c
2a

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2cþ cÞr2
2aðr2 þ 2Þ

s
� ðr2 � 1Þð2cþ cÞ

pbðr2 þ 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 þ 2Þ
að2cþ cÞ

s
1

cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�r2Þð2cþcÞ

bðr2þ2Þ

q
n

� �
þ r

ð59Þ
with constraints r 6¼ 0 and r2 6¼ 1.

Type 8: For d ¼ �1, if að2cþ cÞ > 0 and ðr2 � 1Þð2cþ cÞb > 0, then the solution to Gardner equation (1) is
u11 ¼ A0 þ A1f ¼ � c
2a

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2cþ cÞr2
2aðr2 þ 2Þ

s
� ðr2 � 1Þð2cþ cÞ

pbðr2 þ 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 þ 2Þ
að2cþ cÞ

s
1

sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2�1Þð2cþcÞ

bðr2þ2Þ

q
n

� �
þ r

ð60Þ
and
u12 ¼ A0 þ A1f ¼ � c
2a

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2cþ cÞr2
2aðr2 þ 2Þ

s
� ðr2 � 1Þð2cþ cÞ

pbðr2 þ 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 þ 2Þ
að2cþ cÞ

s
1

cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2�1Þð2cþcÞ

bðr2þ2Þ

q
n

� �
þ r

ð61Þ
with constraints r 6¼ 0 and r2 6¼ 1.

Type 9: For d ¼ �1, if ab < 0, 4acþ c2 > 0 and r2 > 1, then the solution to Gardner equation (1) is
u13 ¼ A0 þ A1f þ B1g

¼ � c
2a

� 4acþ c2

2pab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 � 1Þ

4acþ c2

s
1

cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
þ r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

4a2

r
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
þ r

ð62Þ
with a constraint r2 6¼ 1.

Type 10: For d ¼ �1, if ab < 0, 4acþ c2 < 0 and r2 < 1, then the solution to Gardner equation (1) is
u14 ¼ A0 þ A1f þ B1g

¼ � c
2a

� 4acþ c2

2pab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 � 1Þ

4acþ c2

s
1

sin
ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
þ r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
cos

ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
sin

ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
þ r

ð63Þ
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and
u15 ¼ A0 þ A1f þ B1g

¼ � c
2a

� 4acþ c2

2pab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 � 1Þ

4acþ c2

s
1

cos
ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
þ r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

4a2

r
sin

ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
cos

ffiffiffiffiffiffiffiffiffiffi
4acþc2

2ab

q
n

� �
þ r

ð64Þ
with a constraint r2 6¼ 1.

Type 11: For d ¼ 1, if ab < 0 and 4acþ c2 > 0, then the solution to Gardner equation (1) is
u16 ¼ A0 þ B1g ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

4a2

r
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþ c2

8ab

s
n

 !
ð65Þ
Type 12: For d ¼ 1, if 4acþ c2 < 0 and ab < 0, then the solution to Gardner equation (1) is
u17 ¼ A0 þ A1f ¼ � c
2a

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3ð4acþ c2Þ

2a2

r
csch

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4acþ c2

4ab

s
n

 !
ð66Þ
Type 13: For d ¼ 1, if að2cþ cÞðr2 � 2Þ > 0 and ðr2 � 2Þð2cþ cÞb < 0, then the solution to Gardner equation (1) is
u18 ¼ A0 þ A1f ¼ � c
2a

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2cþ cÞr2
2aðr2 � 2Þ

s
� ðr2 þ 1Þð2cþ cÞ

pbðr2 � 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6b2p2ðr2 � 2Þ
að2cþ cÞ

s
1

sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þr2Þð2cþcÞ

bð2�r2Þ

q
n

� �
þ r

ð67Þ
with constraints r 6¼ 0 and r2 6¼ 2.

Type 14: For d ¼ 1, if ab < 0 and 4acþ c2 > 0, then the solution to Gardner equation (1) is
u19 ¼ A0 þ A1f þ B1g

¼ � c
2a

� 4acþ c2

2abp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b2p2ðr2 þ 1Þ

4acþ c2

s
1

sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
þ r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4acþ c2Þ

4a2

r
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4acþc2

2ab

q
n

� �
þ r

ð68Þ
Obviously, the solutions u1, u2, u3, u7, u8, u9, u16 and u17 are usual solitary wave solutions and periodic solutions

expressed by sine–cosine functions, which can be found in the usual expansion methods, such as the function trans-

formation method [11,12], the hyperbolic function expansion method [13,14], the Jacobi elliptic function expansion

method [15,16] and the sine–cosine method [17], and some solutions are also given in references [1,2,4–7]. But the

solutions u4, u5, u6, u10, u11, u12, u13, u14, u15, u18 and u19 can not be obtained in these expansion methods, these solutions

are new type solitary wave solutions or new type periodic solutions expressed by sine–cosine functions, some of them

have not been found before.
5. Conclusion

In this paper, we introduce a new transformation from the solutions to the projective Riccati equations and apply it

to solve Gardner equation. Many solutions are obtained for this Gardner equation, such as solitary wave solutions

constructed in terms of hyperbolic functions, periodic solutions expressed in terms of sine and cosine functions, some

solutions are not given in literatures to our knowledge. Of course, this transformation can be also applied to other

nonlinear wave equations.
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