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Abstract A transformation is introduced on the basis of the projective Riccati equations, and it is applied as an
intermediate in expansion method to solve nonlinear Schrédinger (NLS) equation and coupled NLS equations. Many
kinds of envelope travelling wave solutions including envelope solitary wave solution are obtained, in which some are

found for the first time.
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1 Introduction

A number of problems are described in terms of suit-
able nonlinear models, such as nonlinear Schrodinger
equations (NLS) in plasma physics,l!l KAV equation in
shallow water model,[? and so on, in branches of physics,
mathematics, and other interdisciplinary sciences. It is an
interesting topic to seek exact solutions to these nonlin-
ear models. Here we will consider two nonlinear models,
i.e. NLS equation and coupled NLS equations. The NLS
equation reads

iuy + 0ty + Blul?u =0, (1)
and the coupled NLS equations read
iug + atgy + (B1lul? + Bofv[*)u =0,
v 4+ gy + (B1|v]? + Balul*)v = 0. (2)

In Ref. [3], on the base of Lamé equation and Lamé
functions, we obtain the perturbed solutions to the NLS
equation and coupled NLS equations. In this paper, we
will reconsider these two nonlinear evolution systems. A
transformation is obtained from the well-known projec-

[4-6] and then this transformation is

tive Riccati equations,
taken as an intermediate to solve these two systems, where
many kinds of envelope travelling wave solutions including
envelope solitary wave solutions are derived, among which

some are found for the first time.

2 Exact Solutions to NLS Equation
In order to solve Eq. (1), we take the following trans-

formation

u=g(€)elFr =g eyt (3)

where k is the wave number, w is the angular frequency,
¢q is the group velocity, and ¢(€) is a real function.

Substituting Eq. (3) into Eq. (1) results in the follow-
ing ordinary differential equation,

ozj?f +i(2ak — cg)j—? +(w—ak?p+ P> =0. (4)
Separating the real part and imaginary part yields
cg = 2ak, (5)
and if we suppose
w—ak?=—y, (6)
then equation (4) is rewritten as
d? 3
04d7€2—’)’¢+5¢ =0. (7)

In order to solve Eq. (7), we introduce the following
crucial ansatz,

$(&) = Z FTHOAF () + Big(€)] + Ao,

A2+ B2A0, (8)

where n can be determined by balancing the highest or-
der derivative term with the high degree nonlinear term
in Eq. (7). And f and g are solutions to the well-known

projective Riccati equations,*—6!

(&) =pf(&)g(&),
9'(&) =q+pg*(€) —rf(€), (9)

where p # 0 is a real constant, and ¢ and r are two real

constants. When p = —1 and ¢ = 1, equations (9) re-

duce to the coupled equations given in Refs. [4] and [5],

and when p = £1 and ¢ > 0, equations (9) reduce to the

coupled equations given in Ref. [6]. There is a relation
between f and g,

2

F=—tlg—orf+l +6f2}7

p q

(10)
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where § = +1. formal solution can be written as
Applying the above expansion method, if we take the
expansion order of ¢ as O(¢) = n and considering the ¢ = Ao+ A1 f(§) + B1g(§) A% + B% #0.  (11)
relations (9), then O(d¢/d€) = n + 1, so partial balance
between the highest degree nonlinear term and the high- Considering the relation (10), from Eq. (11) one can

est order derivative term leads to n = 1. Obviously, the have

@3 = (Ag - %qAOBf) + (3,4331 _ %Bf)g + (3A3A1 - %quBf + %AoBf)f + (6A0A131 + %B?)fg

246 2446) . 249
+ [34043 + %Ale - MAOBf]f2 + [343B, - (r ; )Bﬂ 129+ [l - ?’(’”pq*)Ale]ﬁ (12)
and ) 2, 5 2, 5
d 2p(r® + 2p(rs +
de — pgAf 4 prBufg 4 3prAy - P g gy BT O) (13)
Substituting Eqs (11), (12), and (13) into Eq. (7) results in the following algebraic equations,
3
— Ao+ 543 - ;quB%) 0,
3 6
—_ ’YAI =+ ﬁ(—?quB% + %A(}B% + 3A(2)A1) — O[qul = 0,
— By + 5(—%3;‘ +343B,) =0,
2
ﬁ(%Bf’ n 6A0A1B1) +aprB, =0,
246
5[%,413% — L;)A()Bf + 3AOA§] +3aprd; =0,
2 2 2
5[314%31 _ MB%} _ MBl -0,
pq q
. 245 2 )
6[A‘13—MA1B%}7MA1:0, (14)
pq q
for the arbitrariness of the argument &, from which the parameters can be determined. For example, for § = —1, there
are the following solutions:
Case 1 1If A; =0, Ag =0, r =0, then
By = 4,207 =L (15)
1 — /6 ) pq = 2 .
Obviously, there is the constraint a5 < 0.
Case 2 1If A; =0, Ag =0, r #0, then
ap? 2y
B =44/ - == =41, 1
1 25 ) pq o ’ r ( 6)
Obviously, there is the constraint a5 < 0, too.
Case 3 1If B; =0, Ay =0, then
2a%p? gl
A=+ =—— =0 17
1 5, 0 M=o 7 (17)
Case 4 If B; =0, Ay # 0, then
a?p?(r2 +2) yr2 2(r2 — 1)y
A=+ 222 T A= == 18
! By 0 B(r2 +2) pa a(r? +2) (18)

There is the constraint r # 0 and 2 # 1.
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Case 5 1f Ag =0, Ay #0, By # 0, then

(1 — 1)

d== apy

Bi =+ —— pqg = — (19)
with the constraint r? # 1.

For § = 1, there are the following solutions:
Case 1 1If A; =0, Ag =0, r =0, then

20p? gl

By =4/ =L, 20
e B A (20)

Obviously, there is the constraint that a3 < 0.

Case 2 If By =0, Ag =0, then
202 p? o

Ay = +4/— , pg=——, r=0. (21
By a )

Case 3 1If B; =0, Ay # 0, then

N R 2ty
A==+ gy Ap == B2 —2)° P(J—m' (22)

There is the constraint r # 0 and 72 # 2.
Case 4 If Ag=0, A1 #0, By # 0, then

a?p?(r2 +1) ap? 2~y
1 T 1 5 M= (23)

For the projective Riccati equations (9), when pg < 0 and § = 1, its solution is

_ q
= (a0 (24)
V=pq cosh(y/=pq &) (25)

Ty i sinh(Vpg &)

and when pg < 0 and § = —1, its solution is
q

= (Vg ©) (26)
__v/=pq_sinh(y=pg§) (27)
9 p 7 +cosh(y=pg &)
When pg > 0 and 6 = —1, its solutions are
_ q
f3_r+sin(\/p—q£)7 (28)
P cos(yFgE)
9= p r+sin(y/pqg &)’ (29)
and
_ q
Ja= r+cos(\/pg &)’ (30)
gy VPI_ S/ E) a1

p r+cos(y/pq &)’

Combining Egs. (3), (11), and the results from Eq. (15) ~ (31), we can derive various envelope travelling solutions
including envelope solitary wave solutions to NLS equation (1), for example,
Type 1 For 6 = —1, if o < 0 and ay < 0, then the solution to NLS equation (1) is

uy = B1gs ellke—wt) — £ % tanh( —% §> gllkz—wt) (32)
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Type 2 For 6 = —1, if aff < 0 and ary > 0, then the solution to NLS equation (1) is

Uy = Blggei(kx—wt) =F 1_% C0t< /% 5) ei(kw—wt)’ (33)
ug = B1gy ellho—wt) +, /—% tan( % f) el(bo—wt) (34)

Type 8 For 6 = —1, if o < 0 and ay < 0, then the solution to NLS equation (1) is

_ i(kz—wt) _ l Sinh( V _27/04 €) i(kz—wt)
Uy = B1g2 e = F e . (35)
B cosh(y/—27/a &) £ 1

Type 4 For 6 = —1, if a8 < 0 and ay > 0, then the solution to NLS equation (1) is

_ o al(kz—wt) _ _1 COS( V 2’7/0[ 5) i(kx—wt)
v = s N B mmen 1" %0

— i(kz—wt) _ _1 Sil’l( \% 2’7/0[ 5) i(kz—wt)
ug = Bigse +,/ 5cos(mf)ile . (37)

Type 5 For 6 = —1, if By > 0 and ay > 0, then the solution to NLS equation (1) is

. 2 .
uy = Ay fo eilkz—wt) _ - % ‘ech<\/z 5) pi(kz—wt) (38)

Type 6 For 6 = —1, if By > 0 and ary < 0, then the solution to NLS equation (1) is

ug = Ay fyelFr=wt) — +4/ il csc<1 / _ f) ellke—wt) (39)
16} Q@
. 2 .
ug = Ay fyetkbz=et — 4| % sec(w / 2 §> el (kz—wt) (40)
@

Type 7 For § = —1, if By > 0 and (r? — 1)ary < 0, then the solution to NLS equation (1) is
uo = (Ao + Ay fo) e Fr=D

and

and

and

'}/7'2 2(’["2 — 1)’)/ a2p2(T2 + 2) 1 :l ei(szwt)
B(r2+2)  pa(r? +2) By cosh(v/2(1 = r2)y/a(r?2 +2) &) +r

with the constraint that r # 0 and r% # 1.
Type 8 For § = —1, if By > 0 and (r2 — 1)ary > 0, then the solution to NLS equation (1) is

ury = (Ag + Aj fa) elthe=«t)

yr? 2(r* = 1)y [a?p?(r? 42) 1 gilka—wt)
B(r2+2) + pa(r? 4+ 2) By sin(\/Q(r2 —1)y/a(r?+2) &)+ J ’ (42)

w1y = (Ag + Ay fq) el o=t

yr? 2(r* = 1)y [a?p?(r? 4 2) 1 pilko—wt)
B(r2 +2) * pa(r? 4+ 2) By cos(/2(r2 — 1)y/a(r2 +2) €) + T] )

with the constraint that r # 0 and r? # 1.
Type 9 For § = —1, if a3 <0, ay < 0, and 72 > 1, then the solution to NLS equation (1) is

w3 = (A fo + Bigp)e'kFo—eb)

2y a?p?(r? — 1) 1 ol sinh(\/Tfy/a £) oilkz—wt)
h [iap\/Tcosh(\/Tv/af)-l-r i \/;cosh(\/—Q’V/a f)—i—r} )

and
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with the constraint r2 # 1.
Type 10 For § = —1,if a8 <0, ay > 0 and r? < 1, then the solution to NLS equation (1) is

— ] i(kr—wt) _ 21 0[2]92(7“2 — 1) 1 _l COS( \Y 27/04 E) :| i(kz—wt)
= s B S e e v e R

and

— i(kz—wt) _ 277 02[)2(7'2 - 1) 1 _l Sin( V 2’7/05 g) :| i(kz—wt)
ws = (Aifa+ Brga)e [iap V" a5 svma gtV Beosvzija ) ar) (46)

with the constraint 72 # 1.
Type 11 For 6 =1, if a8 < 0 and ay < 0, then the solution to NLS equation (1) is

u1g = B1g1 ellkr—wt) — + lcoth X ¢ ellkz—wt) (47)
Jé] 2a

Type 12 For 6 =1, if By < 0 and ay > 0, then the solution to NLS equation (1) is

uyy = A1 f1 ellka—wt) Fy/ —?csch(ﬁ f) gllho—wt) (48)

Type 13 For § = 1, if By(r? —2) > 0 and (r? — 2)ay < 0, then the solution to NLS equation (1) is
us = (Ao + Arfr) e o=t

yr? 2(r* + 1)y [a?p?(r? —2) 1 pilkz—wt)
B(r2 —2) + pa(r? —2) By sinh(1/2(1 + r2)y/a(2 — 12) €) + T] )

with the constraint that r # 0 and r2 # 2.
Type 14 For 6 =1, if af < 0 and ary < 0, then the solution to NLS equation (1) is

ug = (A1 f1 + Bigr) e e mh)
_ [iQ’y a?p?(r2 + 1) 1 - \/7 cosh(y/—2v/a §) ] oilho—wt) (50)
ap 43y sinh(/—2v/af) +r B sinh(y/—27/a &) +r .

Obviously, the solutions wi, ug, us, ur, ug, ug, u1g, and w7y are general envelope solitary wave solutions and

periodic solutions expressed by sine-cosine functions, which can be found in the usual expansion methods, such as
the function transformation method,[”8! the hyperbolic function expansion method,[®1% the Jacobi elliptic function

[11,12] and the sine-cosine method.[3] But the solutions Ug, Us, Ug, UL, UT1, U1, U13, Uld, U15, U18,

expansion method,
and w19 cannot be obtained in these expansion methods. These solutions are new type envelope solitary wave solutions

or new type envelope periodic solutions expressed by sine-cosine functions, some of which have not been found before.

3 Exact Solutions to Coupled NLS Equation
In order to solve Eq. (2), we take the following transformation,

u= ¢(€> ei(ka;—wt) , v = 77[](5) ei(kx—wt) , é- —r— Cgt ) (51)
If equations (5) and (6) are considered, then equation (2) can be rewritten as
d2
0 10+ (1" + ) = 0.
d?y 3 2y _
ad—gz =+ (B19° + B29"Y) = 0. (52)
If ¢ = is taken, then
d?¢ 3
agg ~ 19+ B+ B)8° =0 (53)

can be obtained from Eqgs. (52).

Comparing Eq. (53) with Eq. (7), one can see that the difference between these two equations is that § in Eq. (7)
is replaced by (1 + 82 in Eq. (53), so the solutions to Eq. (2) can be easily obtained from the solutions to Eq. (1), here
we omit these details.
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4 Conclusion

In this paper, we introduce an intermediate transformation from solutions to the projective Riccati equations and

apply it to solve the NLS equation and the coupled NLS equations. Many solutions are obtained for these nonlinear

systems, such as envelope solitary wave solutions constructed in terms of hyperbolic functions and envelope periodic

solutions expressed in terms of sine and cosine functions. Some of which are not given in literatures to our knowledge.

Of course, this transformation can be also applied to other nonlinear wave equations.
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