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Notes on Solutions to Burgers-type Equations®
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Abstract A transformation is introduced and applied to solve Burgers-type equations, such as Burgers equation,
Burgers—KdV equation and Burgers-KdV-Kuramoto equation. Many kinds of travelling wave solutions including solitary
wave solution are obtained, and it is shown that this is a powerful method to solve nonlinear equations with odd-order

and even-order derivatives simultaneously.
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1 Introduction

A number of problems are described in terms of suit-
able nonlinear models in branches of physics, mathemat-
ics, and other interdisciplinary sciences, such as nonlinear
Schrodinger equations in plasma physics,!!! KdV equa-
tion in shallow water model,? and so on. It is an in-
teresting topic to seek exact solutions to these nonlinear
models. Contrary to the integrable nonlinear equations,
non-integrable nonlinear equations are more difficult to be
solved. Especially, if odd-order derivatives and even-order
derivatives exist simultaneously in a nonlinear equation,
then it is much more difficult to derive solutions to them.
So new methods are needed for this kind of equations,
for many methods do not work, yet. In this paper, we
will consider three equations of this kind. The first one is
Burgers equation, which reads

Up + Uy — VUgy = 0. (1)

Bl to study issues of

It was firstly proposed by Burgers
turbulence.
The second one is Burgers-KdV equation of the follow-

ing form,

VUgy + ﬁuzma: = 0; (2)
4,5]

Ut + Uy —

which was applied by Liu to model the inverse energy
cascade and intermittent turbulence, where a dispersion
effect is taken into account.

And the last one is Burgers-KdV-Kuramoto equa-

tion, (6!

U + UUy — VUgy + ﬂuzzx + YUzzzz = Oa (3)
where instability is taken into account, for irregular be-
havior of turbulence results from this instability.[":8] Be-

cause these three equations are all of the basic features of
Burgers equation, we call them Burgers-type equations.

In the next section, we will introduce a transformation
and then apply this transformation to simplify the above
three Burgers-type nonlinear equations. Then we will de-
rive many travelling wave solutions to these Burgers-type
equations, among which are solitary wave solutions.

2 Transformation and Solutions to Burgers
Equation
In order to solve the above Burgers-type equations, the
travelling wave frame is chosen, i.e.

E=a—ct. (4)
Substituting Eq. (4) into Burgers equation (1) yields
du du d?u
—c— — —v—=0 5
cd5 +u de v i , (5)
which can be integrated once and rewritten as
u? du

— ——v—=A

cut g —vE = A, (6)

where A is an integration constant.
In order to solve Eq. (6) easily, here we introduce a
transformation of the following form,

u(€) = e u(n) +uo(§),

where v(n) and wup(€) are functions undetermined, k, k1,

n= eklg +ao, (7)

and ag are constants to be determined later.
From formula (7), we have
u'(§) = ke*u(n) + ki T () +up(€) . (8)
Combining Eq. (8) with Eq. (6) results in
1 o2k 2

vk eETRIE (1) — )

+ [Vk + ¢ — ug(€)] ™ u(n)

1
+ [vug(€) + cup — §u3 + A} =0. 9)
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If k& # 0, setting Setting
vk +c—up(€) =0, (10) k1=0, (25)
then
we have b tant (26)
=ag, v = by = cons ,
uo(€) = vk +c, (1) o ’
so equation (24) is rewritten as
s0 ug (&) is a constant. 1 1
Let vug(€) — ng—l—(c—bo)uo—i—A— §b%+boc:o. (27)
btk =2k, (12) From Eq. (27), we can derive two solutions to Eq. (1).
ie. The first one is
ki =k, (13) ug(€) = 20k tan(k'€) + ¢, (28)
and under condition and the second one is
1
vug(€) + cug — iug +A=0, (14) us(€) = —2vk’ cot(K'€) + ¢, (29)
ie. with two arbitrary constants ¢ and k'
A= —cug+ luQ _ _102 + lung (15) Obviously, the solutions uy and ug are solitary wave
20 2 2 ’ solutions expressed by hyperbolic functions, which can
eqaution (9) reduces to be found in the usual expansion methods, such as
) 1, the function transformation method,[®'% the hyperbolic
v'(n) = Wk’ (1) - (16) " function expansion method,'*'2 and the sine-cosine
One exact solution to Eq. (16) is method,™ but not the Jacobi elliptic function expansion
ok method, 15 which is powerful in obtaining periodic so-
v=——, (17)  lutions in terms of Jacobi elliptic functions. The solutions
) " ug and us can also be found by the extended hyperbolic
L€ Wk function expansion method,™) but u; cannot be obtained
v = —m ) (18)  in these expansion methods, it is a general travelling wave
solution.
where ap and k are two arbitrary constants.
So travelling solution to Burgers equation (1) is 3 Solutions to Burgers-KdV Equation
ok e k€ In the frame of (4), Burgers-KdV equation (2) reduces
U1(§):—;€§7+C+Vk’7 (19) o
e”s + ag 2 3
du du d-u d°u
with three arbitrary constants ag, ¢, and k. T3 + ud—g -V ae? +5 ae 0. (30)
Malking use of tl;e identity Integrating Eq. (30) once yields
e“Y 1
= —(1 4+ tanhy), (20) 9 du d?u B
1+e2v 2 —cu + Chain Vd—g e A, (31)
and s.ettmg ag = 11in Eq. (.19), we obtain the solitary wave where A is an integration constant.
solution to Burgers equation (1), From transformation (7), we have
k
uz(€) = —vk tanh(iﬁ) +ec. (21) u’ (&) = k2 eFu(n) 4 k1 (2k + Ep) e BRI ()
If choosing ag = —1 in Eq. (19) and making use of + k7 e(k+2kl)§v//(77) +ug(§) (32)

2y 1
¢ = —[1 + cothy],

_— 22
-1+ e% 2 (22)

then we have singular travelling solution to Burgers equa-
tion (1),

us(€) = —vk coth(§§) te. (23)
If k = 0, then equation (9) reduces to
vy @16/ () = S0%(n) + e — wolE)]u(n)
+ [uug(g) +eug — %ug n A] —0. (24

Substituting Egs. (7), (8), and (32) into Eq. (31) re-
sults in

B2 e FH2RIE (10 4 [Bly (2K + ky) — vhy] e FHRDEY (i)

b3 202 (n) 4[R2 — v+ uo(€) — o] o)

+[Bu©) — v (€) + Sud(©) — cun() — 4] =0.(33)

If k # 0, under the following conditions
k+ 2k; =2k,
ﬁk1(2k + kl) - I/kl = 07
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Bk* — vk +uo(§) —c=0,

so the solution to Burgers-KdV equation (2) is

1 2 2wE /583 2
Bug () —VU6(§)+§U3(5)—CUO(§) -A=0, (34) ui (€) = _ L o</ +o+t Llal (38)
ie 255 (e”f/w + a())2 255
ie.,
2 k with two arbitrary constants ¢ and ag.
k= 53" k= 97 Setting ap = 1 and making use of identity (20), the
1 solitary wave solution to Burgers-KdV equation (2) is
up = ¢ + vk — Bk? A= —ud — cug, (35)
2 312 612
; = 1+ tanh— — 39
equation (33) reduces to - u2(8) 255( +tan 1056) et 2503 (39)
v"(n) = —Q—I/fUQ (n). (36) Similarly, taking ap = —1 and making use of identity
One of the solutions to Eq. (36) is (22), the singular solution to Burgers-KdV equation (2) is
122, 302 ( 62
S - = (14 coth-2 ) i 4
|
4 Solutions to Burgers-KdV—-Kuramoto Equation
Considering the Burgers-KdV-Kuramoto equation (3) in the travelling wave frame (4), we can rewrite it as
du du d?u d3u d*u
—Cc— — —F =0. 41
c §+ud§ d§2+ﬁd£3+7d§4 (41)
Integrating (41) once yields
du d?u d3u
- —v— —=A 42
cu+2u ”dg*ﬁde”d@ : (42)
where A is an integration constant.
Recalling the transformation (7), we have
u"'(€) = K eMCu(n) + ki (3 + 3khy + k7) e“HES ()
o+ 3KE (k + ) e TR () 4k TS () 4w (€) (43)
Substituting Eqgs. (7), (8), (32), and (43) into Eq. (42) leads to
vk e BFE3ROEY () 1 [3K2 (k + k1 )y + B3] e FH2RI (1) 4 [yky (3K2 + 3kky + E2)
1
+ Bk1(2k + k1) — vki] e FHFISY () + 3 ek 2 () + [k + BE% — vk + ug(€) — ] e*Su(n)
1
+ [t () + Bug (&) — vup(€) + FuB(€) — euo(§) — 4] =0. (44)
So if k # 0, under conditions
k+3k =2k,  3k¥k+k)y+BkI=0, k1 (3k® +3kky + k) + Bk1(2k + k) — vk =0,
1
VR Bk — vkt up(§) —e =0, yug'(€) + Bug (&) — vup(€) + Fup(€) — cuo(§) — A =0, (45)
i.e.,
p k 412 2 3 Lo
k=——, k=- = = k — Bk —~k A= —us— 4
47a 1 37 v 1447 U c+v 6 v ) 2’11,0 Cuo , ( 6)
equation (44) reduces to
8642
v (n) = 5 v?(n). (47)
One of the solutions to Eq. (47) is
50 4
_ 4
v 72 (48)
so the solution to Burgers-KdV-Kuramoto equation (3) is
533 e—B8/4y 533
wr(§) = -0 ret (49)

7272 (e=F8/127 4 )3 144~2
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with two arbitrary constants ¢ and ag.
Setting ag = 1 and making use of identity (20), the solitary wave solution to Burgers-KdV-Kuramoto equation (3)
is

_5p B 50°
us(€) = g2 2(1—tanh g) et i (50)
Similarly, taking ap = —1 and making use of identity (22), the singular solution to Burgers-KdV-Kuramoto equation
(3) is
50° 6 553
us(8) = —57677 (1~ coth 5) tet Ty (51)

5 Conclusion

In this paper, we introduce an intermediate transformation to simplify Burgers-type nonlinear equations, and then
derive the solutions to these simplified nonlinear equations. Based on the results from simplified nonlinear equations,
solutions to the Burgers-type nonlinear equations, such as Burgers equation, Burgers-KdV equation and Burgers-
KdV-Kuramoto equation, are obtained, there general travelling wave solutions and solitary wave solutions are given.
Compared with other methods!'216:17] ysed to solve this kind of nonlinear equations, which have odd-order and even-
order derivatives simultaneously, method used in this paper is more simple and direct. Of course, this transformation
can be also applied to other nonlinear wave equations.!!8!
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