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Abstract Based on the Lamé function and Jacobi elliptic function, the perturbation method is applied to some
nonlinear coupled systems, and there many multi-order solutions are derived to these nonlinear coupled systems.
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1 Introduction

During the past three decades, the nonlinear wave
researches have made great progress, among which a
number of new methods have been proposed to get the
exact solutions to nonlinear wave equations. Among
these methods, the homogeneous balance method,!—3!
the hyperbolic tangent function expansion method,!*—¢l
the nonlinear transformation method,!”8! the trial func-
tion method,!%1% sine-cosine method, ') the Jacobi ellip-
tic function expansion method,['2'3] and so on!**=16! are
widely applied to solve nonlinear wave equations exactly
and many solutions are obtained, from which the rich-
ness of structures is shown to exist in the different non-
linear wave equations. Furthermore, it deserves to dis-
cuss the stability of these solutions, there perturbation
method is often applied. In this paper, based on the Ja-
cobi elliptic functions and Lamé function,!”18] perturba-
tion method!*8:19 is applied to get the multi-order exact
solutions to nonlinear coupled systems.

2 Lamé Equation and Lamé Functions
Usually, Lamé equation!!” in terms of y(x) can be
written as
d?y
dz?
where A is an eigenvalue, n is a positive integer, snzx
is the Jacobi elliptic sine function with its modulus m
0<m<1).
Set

+[A = n(n+ 1)m?snz]ly =0, (1)

n=sn’z, (2)
then the Lamé equation (1) becomes

d? 1/1 1 1 d
B )
dn? = 2

n -1 n—h)dy
p+n(n+1)n

_prnnmn g, 3
= D" ®)

where

h=m=2>1, pu=—h\. (4)

Equation (3) is a kind of Fuchs-typed equation with
four regular singular points n = 0,1,h, and = oo, the
solution to Lamé equation (3) is known as Lamé function.

For example, when n = 3, A = 4(1 + m?), ie.
= —4(1+m~2), the Lamé function is
Ls(z) =21 —=n)Y?(1 = 'n)Y2 =snzenzdnz. (5)

When n = 2, A = 1 +m?, ie. p = —(1+m~2), the
Lamé function is

Lo(x) = (1 -2 - h~ )2 =cnzdnz. (6)

In the equations (5) and (6), cnx and dnz are the Jacobi
elliptic cosine function and the Jacobi elliptic function of
the third kind,['718] respectively.

3 Lamé Equation, Lamé Functions and Their
Application to Nonlinear Coupled Systems

3.1 Variant Boussinesq Equations

Variant Boussinesq equations read

Ou  ou Oy O
ot " Vor " or  “otor2
ov  Ouv 9u

We seek their travelling wave solutions of the following
form,

u:u(g)v U:U(£)7 gzk(x_Ct)ﬂ (8)
where k and ¢ are wave number and wave speed, respec-
tively.

Substituting Eq. (8) into Eq. (7) yields
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_ c% 4 duv + Bk? d31; _o. ) and the first-order equation (for €!) is
ag ag TN du
Integrating Eq. (9) once with respect to £ and taking ak®c ez + (¢ —up)ur —v1 =0,
the integration constants as zero, we have
d?u
d?u 1 B2 1 _ _
2 2 _ ug — c)v; +vpug = 0. 13
akcd—gz+cu—§u —v=0, dez + ) (13)
,d2u For the second-order equation (€2), it becomes
Bk @ cv+uv=0. (10) , d2us ,
) . . akc——— + (¢ —up)uz —va = suy,
Applying the perturbation method and setting dé¢ 2
u=ug+eus +€ug -+, v=uvp+evy +evg+---, (11 d?
0 ! ? ) 0 ! ? (11) Bk? u; + (up — €)va + voug = —uyvy . (14)
where €(0 < € < 1) is a small parameter, ug, u1, ug, and d¢

Vg, V1, Vg represent the zeroth-, the first- and the second-
order solutions, respectively.

Substituting Eq. (11) into Eq. (10), we can obtain var-
ious order equations, for example, the zeroth-order equa-
tion (for €") takes the following form,

For the zeroth-order equation (12), the Jacobi elliptic
sine function expansion method can be applied to solve it,
i.e. the ansatz solution is supposed to take the following
form,

d2 ]_ ug = CL0+CL18H£+CLQSH2£, Vo = b0+b1811§+b28n2€ , (15)
ak?ec 2 —l—cuo ug—v():()7
df 2 where the expansion coefficients ag, a1, as, and by, by, by
5 d - can be determined by substituting Eq. (15) into Eq. (12).
Bk df2 — v + tovo =0, (12) Then we have
ag =c+ B 4(1 4+ m?*)ak?c, a; =0, as = 12m2cak?,
2ac
b L Bk, by =0 by = —6m* k> 16
0= 1oy + 2(1+ m?) L =0, by = —6m2Bk?, (16)
thus the zeroth-order solution for variant Boussinesq equations (7) is
2
ug =c+ 2£ — 4(1 + m?)ak?c + 12mPcak?sn’¢, vy = 45? +2(1 + m?)Bk? — 6m?Bk*sn?¢, (17)
ac o?c
and there exists the relation between ug and vg,
: (0=~ 50c)
- = —c—— . 18
0T ta2e? 2ca\"* 7“7 2ac (18)
Substituting Eq. (17) into the first-order equation (13) yields
ak26d2u1 + [—i +4(1 + m?)ak?c — 12m20ak25n2§}u1 —1v; =0
degz 2ac ’
Bk? oy [i — 4(1 +m?)ak?c + 12m*cak?®sn® 5} vy + [72 +2(1 +m?)pk? — 6m2/6’k28n2§} up =0 (19)
dé? 2ac 4a2c? ’
ie.,
d2u1 6 9 2 9 1
ae " |~ + AL ) 120w — e =0,
d?uy 1 2 B 2 2.2
dié?“r[m—ll(l—Fm)?—I—lZ ﬁbnf}m—k{m—i—ﬂl—km)—&n sng}ule. (20)

Here it is obvious that u; in Egs. (20) takes the similar form as y in Eq. (1), so we can suppose that u; and v; take

the following form,

= AL3(¢), = BL3(¢). (21)
Substituting Eq. (21) into Eq. (20) yields
2ca
A=—8, 22
3 (22)
so the final first-order solution is
=Asnécnédné, v1:72£Asn§cn§dn§, (23)
co
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where A is an arbitrary constant. Obviously there exists the following relation
p
v = ——Uq . 24
! 2ca (24)
In order to get the second-order solution of variant Boussinesq equations, we have to substitute the zeroth-order
solution (17) and the first-order solution (23) into the second-order equation (14), so we have

dQUQ ﬁ 1 A2

2 2.2 _ 26 249 2
d£2 + |:— 2a2k202 + 4(1 + m ) — 12m SN £i| Ug — mvg = msn fcn 5dn 6,
d%us 1 ac co
U 41 +m) 122—2}
ae [Qak% (1 m7) 5+ 12m°grsn’t vy
B 2 2.2 1 2. 2¢ 247 2
+[m+2(1+m)—6m sn f]uzzm/l sn“fen”Edn’E . (25)
Since en2¢ = 1 — sn2¢, dn?¢ = 1 — m?sn2¢, the special solution to Eq. (25) can be supposed to be
ug = Ag + Agsn?¢ + Aysne, vy = By + Bosn?¢ + Bysnié. (26)
Substituting Eq. (26) into Eq. (25) yields
A? (1+m?)A? A?
Ao = e A== = Toadi?’
48m?ack 24m2ack 16ack
342 B(1L+m?)A? A2
By =— By = By= - — 27
0 96m2a2c2k?’ 27 48m2a2c2k2 4 32a2c2k2’ (27)
i.e., the second-order solution is
U = A72[1 —2(1 + m?)sn?¢ 4 3m?sn'¢] vy = —ﬂiAz[l —2(1 4+ m?)sn?¢ + 3m?sn'¢] (28)
48m2ack? ’ 96m2a2c2k? '
Obviously there exists the following relation, | — v+ %ﬁ +duv =0. (32)
Uz = mg U2 (29) Similarly, applying perturbation method and setting u
and v to be expanded as Eq. (11), we can have the multi-
3.2 Coupled mKdV Equations order expansion equations, for example, the zeroth-order
In the above section, we applied Lamé equation under  equation (for €°) is
the condition of n = 3 and A = 4(1 +m?) to solve variant 2w o
Boussinesq equations and got its multi-order exact solu- Bk? e —cug + gué + covg =0,
tions. In this section, we will consider the Lamé equation
under the condition of n = 2 and A = 1 + m? and its ap- —cvg + lvg + Sugug =0, (33)
plication to obtain multi-order exact solution to coupled 2
mKdV equations. the first-order equation (for e!) is
Here coupled mKdV equations read, d2u
k2=t 2 _ =0
ou 5 0u Pu v B 1e2 + (aug — cJur + covy )
o tou'— + = +co— =0, §
ot ox O3 Ox
P P Suw — cv1 + (yvo + dug)vy + dvpuy =0, (34)
ot T Tor + 6% =0. (30) and the second-order equation (for €?) is
We seek its travelling wave solutions in the frame of 42
2 A7 U2 2 2
Eq. (8), then we have Bk 5 — cu+ (aug — cug + cova = —auguy ,
dg
2 d3u 5 du du dv 0 ~
B des +ou (Tg - cdig + codig - —cvg + (Yo + dug)ve + dvgus = —511% —dugvy . (3H)
B c% i 'YU@ n 5d7“1 —0. (31) Th.e z§ro'th-(.)rder eq1ﬁ1ation (33)' can be solved by the
d¢ d¢ d¢ Jacobi elliptic sine function expansion method, where the

Integrating Eq. (31) once with respect to € and taking  ansatz solution

the integration constants as zero, we have
2

ﬁkQQ —cu+ @3 + =0 . . . .
qez T gu Tar= is chosen. Substituting Eq. (36) into Eq. (33) results in

ug = £ f%mksng, UO:74—2007g(1+m2)6k2¢2—5\/7%mksn§. (37)
«@ Y Y Y o

ug = ag + aisné, vy = by + bysn& (36)
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Then we can substitute Eq. (37) into the first-order equation (34) and get the rewritten first-order equation

d2U1 20 2

g +[ Bk260+(1+m)—6m snf}u1+ﬁk2
452 2 2

[—%60 - P mme 27,98
v v

=0, (38a)

——mksnf}ul—l— {—7600—( +m?) BkQZFM/ mksnf vy =0. (38b)

It is obvious that u; in Eq. (38a) takes the similar form as y in Eq. (1) under the condition of n = 2 and A\ = 1 + m?,

so we can suppose that

Then substituting Eq. (39) into Eq. (38) leads to
B = —%A (40)
Y
so the first-order solution to coupled mKdV equations is
26
=Acnédn¢, vy :——Acnfdnf (41)

In order to solve the second-order equation (35) of coupled mKdV equations, we have to substitute Eqgs. (37) and
(41) into the second-order (35) to get the rewritten form of the second-order equation,

dQ'UJQ 2560 2 2 92 Co

e [Wﬁk2+(1+m)76msn§}u2+ﬁk —
462 20 262 6

{——200— —(1+m?*)Bk* F — b
v Y v

Similarly, its ansatz solution can be written as
uy = Aysné + Agsn’¢,
Combining Eqs. (42) and (43) leads to

2
A%sn €(1 — 2m?sn?¢)

f%m/ﬁsngp — (14 m?)sn%¢ + m2sn¢],

——mksnﬁ} ug + [—2—660 — (1 +m?)pk*F 61/—% mksné} vy =0. (42)
« v a

vy = Bisn& + Bysn® €. (43)

da ﬁ 1+m? 2m? 9
T 667k Asg(1- o ete), ()

which is the Second—order exact solution to coupled mKdV equations.

4 Conclusion and Discussion

In this paper, the Lamé equation and Lamé functions are applied to solve nonlinear coupled systems.

When

perturbation method is considered, the multi-order solutions are obtained to these nonlinear coupled systems. The
results got in this paper is very important for nonlinear instability of nonlinear coherent structures.
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