Exact Solutions to Double and Triple Sinh-Gordon Equations
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In this paper. two transformations arc introduced to solve double sinh-Gardon equation and triple
sinh-Gordon equation, respectively. It is shown that difterent transtormations arc required in order to
obtain more kinds of solutions to different types of sinh-CGordon equations. — PACS: 03.65.0e
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1. Introduction
The sinh-Gordon {ShG for short) equation [ 1 - 8]
th

the double sinh-Gordon (DShG lor shorl) equa-
tion [8-11]

iy - @sinha,

(2)

and the triple sinh-Gordon {TShG for short} equa-
tion 8. 11]

iy = etsinho — Fsinh 2y,

#y = grsinhu + Buinh 24 - ysinh3u. 3

are widely applicd in physics and engineering, for ex-
ample in integrable quantum field theories [ 1], non-
commutative ficld theories [2]. fluid dynamics [3], kink
dynamics [8,9, 11] and so on. Due to the wide applica-
tions of the sinh-Gordon type equations, many achieve-
ments have been obtained [3—8, [2]. For instance, the
ShG equation is known to be completely integrable (4]
because it possesses similarity reductions to the third
Painlevé equation |5].

Due (0 the special form of the sinh-Gordon type
equations. it is nwich more difficult to solve them di-
rectly. There is need for some transformations. Tn this
piper, based on the transformations to be introduced,

we will show systematic results about the solutions of

the DShG equaticn (2) and the TShG cquation (3).

2. The Intermediate Transformation and Solutions
to DShG Equation

Due to the complexity of nonlinear evolution equa-
tions, it is usually very diflicult 10 solve them directly.

One vses some kinds of intermediate transformations
to simplify the original nonlinear svolution equalions.
For example, in References | 13— 16). the intermediate
transformation is a generalized elliptic equation | 17]

()

sl k)
)'!" =ag—day+ f12}'2 +a3y + f14,'4‘
with

{5

w=uly),

where the prime denotes the derivative of y with re-
spect to its argument,

[n reference [12], Sirendaoreji introduced a new
transformation

()]

where F(u) is a suilable [unction of sine, cosine, hy-
perholic gine, hyperbalic cosine and so on. It has been
shown that this wansformation is very powerful in
solving the sinh-Gordon cquation (1}, the sine-Cordon
equation, the double sine-Gordon equation and some
other special types of nonlinear evolution equations.
Usually, for different nonlinear evolution equations,
the exact forms of the intermediate transformations are
ditferent. Next we shall introduce two transformations
w' = F () of a new form and apply them to solve the
DSh( equation (2) and the TShG eguation (3), respec-
tively.

First of all, we suppose the solution of the DShG
equation {2) takes the form

u=ul). & =kr—or).

where k and ¢ are wave number and wave speed. re-
spectively.
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With the Ansatz (7), the DShG equation (2) can be
rewritten as

u” = o sinhu + B sinh 20 (8)
with
o B
ST — —, = — == 9
e *

We then suppose that Eq.(8) satisfics the (ranstor-
mation {6) with the following new form

, du

W= a— bcoshu, (1M
dl.,

where & and £ are real constants to be delermined.
From the intermediatc wransformation (109, we huve

bZ
u”:absinhu—_—isinhZH. {11}
Combining (8) with (11) resuits in
]2
w=ab. Pi = (12)
2
from which
=+ 8 o= +28, (13}
V2B
with constraints
By = 0. (14)

In order to derive the exact solutions to the DShG
equation (2), the intermediate transformation (10) must
be solved. It can be integrated dircetly. Here we have
four cases under consideration.

Casel. [fa=b,i.e. a =20, we have

Hy = 2tunh™! [+/28/{& — &)l

where g{] is an integration constant.
Case 2. [fa= —h.i.e. o = —2f, then we have

wz = 2coth™ ' [T /251 (& — &),

where &y is an integration constant.
Case 3. Il b2 > a2, i.e. 4% > o2, (hen we have

(13)

(&)

=
Carnsins B0 e s
| = sing /g (& —&)F28 )

+2psin 22 g T
Sin T 0 1
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where £y is an integralion constant.
Cased. If 5% < &%, i.c. 487 < a?. then we have

1ty 2tanh™! (18]

al—dp

(o £201) | exp V"'—I‘WL@ —&) - l}

- A - A "'}:2——4{" +
\/faf +4B7 - V[Otjz — 4B exp \/ —‘j—L( 5 1{ (& — &)

where &, is an integration constant.
The soluiions i) 1© g for the DShG cquation (2}
have not been reported in the literature.,

3. The Intermediate Transformation and Solutions
to TShG Equation

With the Ansatz {7), the TShG equation (3) can be
rewritten as

u" =ty sinhw + 53 sinh 2ir + 7 sinh 3w {19y
with
o i Y
=——. = ——, s 20
“=e M= M g @O

We suppose now that Eq. (19) satisfies the transfor-
mation {6) with the following new formn

u o 9 = acosh%

where ¢ and b are real constants to be determined.
From the intermediate transformation (21), we have

d 3
d g —I—bcosh;. (21

W= i(a2 + 2ab)sinhu + absinh2u + 34i2 sinh3u.
(22)
Combining (19} with (22) rcsults in
o == %(az+2ab), Bi=ub.y =" - (23)
from which four kinds of results can be derived,
Case 1.
a- e +er, h=e —en, {24)
Case 2,
a=¢|—¢2, b=¢|+e2. (25)
Case 3.
a=—e|r+e b= e e, {(26)
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Case 4,
= —¢]—er. b= —e)1+eq, 27)
where
IJ N g .
o= Vla' *%’ €@ = \_,.f"fxl b 1%1 B. (8

with the constraints

o+ L >0, u.+%2ﬁ|\ =0 (29)

For the intermediate transformation (21). two cases
need to be considered. The tirst one is that o = 3b,
i.e. 43 = 3w+ ¥. Then the intermediate transtormation
{21) can be rewritten as

d

d—g = 4bcosh?§‘ G0)
from which we have

sinh & o o

cmh;" Htan (sinh '2') 4h(S - Gu). (31)

where &) is an inlegration constant.
Sa there are four solutions to the TShG equation (3).
The first one is

wp=2sinh 'y, (32)

where v is defined by

v _ . .
1 IL’) +tan |1’| =4{e 75’2)(57(;:[))‘ (3%
-
the second one
us = 2sinh ™' va, (34)
where v3 is defined by
1 2 ttan v = MHey+ed(E—&).  (35)
2
2
the third one is
Hy =2 sinh~! Vi, (36)
where v3 is defined by
I - .
— stanlvs = de b e)(E &), (3T

143

and the lagt one i

#y - 2sinh iy (38)
where v is delined by
Vg T . . .
I+v£+ldll vy = 4 L|+(1)(5—é0). (39)

The second casc is that « =£ 36, le. 48 £ 30 +
¥. Then the intermediate transformation (213 can be
rewritten as

du ] dsinh%
-. . = . ’_’
coshiy 2 f+sinh® Y
u—h
4

= (a —3h)dE,
{40

f=

trom which we have three kinds of results. If £ =0, i.e.
ey =0+1=0e=:4,/ B then we have

s = 2sinh ™" s, 41
where vs is defined by
|
an Ty o = E3/-BE -G @)
with the constraint
fi <0, (43)

where &) is an integration constant.
It f =0, there are three cases under consideration,
the first ix

iy = 2sinh™’ Yty 44
where 1, is defined by

tan™' vy — L_ tan !{ vi

2y f Vi (45)
= 42{e) ~2ea)(E — &),
with
¢
i= m {46)
The second one is
ur;  2sinh L, 47)



936 4 Ruetdl
where v7 is delined by
tan g — -'I—.Iﬂn N v:,_\)
2y v (48)
=2(—e1+2e2)(& ~ So)s
with
=Sy )
with the constraint
B >0. (50
And the third one is
wy = 2sinh ™' g, (51}
where vy is defined by
, 1 vy
an Ly — 37 tan ! [TT) 52)
=2(ey —2e2)(§ — Go).
with
I AT ey 5
with the constraint
B <. (54)

If # < 0, there are two cases under consideration;
The first one is

g = 2sinh ™ vy, (5%)
where vg 15 defined by
[ PRy
tan ! Vg — ?fill'/——f. e
d—F vt f (56)
=2{—ey +2e3)(E — &n).
with
. €]
=, (57
! 2{ey — ez}
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with the constraint
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The solutions 4, to up derived here have not he
reported in the literature. These solutions are all im-
plicit, there are still many efforts required in further
studies.

4, Conclusions

[n this paper, iwo transformations have been intro-
duced to selve the DSh{i equation (2) and the TShG
equation (3). It is shown that different transtorma-
tions arc required in order (o obtain solutions to dif-
ferent types of sinh-Gordon equations. The solutions
ohtained here have not becn previously reported in the
literature. Of course, Lthere arc still more cftorts nceded
to cxplore, which kinds of transformations are more
suitable to solve different types of sinh-Gerdon equa-
tions, for not all solutions ohtained herc are explicit
ONes.
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