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1. Introduction

During the past three decades, the nonlinear wave researches
have made great progress, among which a number of new meth-
ods have been proposed to get the exact solutions to nonlinear
wave equations. Among these methods, the homogeneous balance
method [1], the hyperbolic tangent function expansion method
[2,3], the nonlinear transformation method [4,5], the trial func-
tion method [6,7], sine-cosine method [8], the Jacobi elliptic func-
tion expansion method [9-11], auxiliary equation and mapping
method [12], Exp-function method [13] and so on are widely ap-
plied to solve nonlinear wave equations exactly. Furthermore, it
deserves to discuss the stability of these solutions, there perturba-
tion method is often applied to derive the multi-order exact solu-
tions. In this Letter, based on the Jacobi elliptic functions [14,15]
and a new kind of Lamé functions, perturbation method [15,16] is
applied to get the multi-order exact solutions to some nonlinear
equations.

2. Lamé equation and Lamé functions

Usually, Lamé equation [14,15] in terms of y(x) can be written
as
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dy 2 2

— 4+ [A—=—n(n+1)m“sn“x|y =0, 1
0 [A—nn+1) 1y (1)
where A is an eigenvalue, n is a positive integer, snx is the Jacobi
elliptic sine function with its modulus m (0 <m < 1).

Set

then the Lamé equation (1) becomes

d? 1/1 1 1 \d +nn+1
_§+_<_+ )_y_ pAnmt+Dn o
dn  2\n n—-1 n-hjdn 4n(n-1mn-h

(3)
where
h=m—2>1, n=—ha. (4)

Eq. (3) is a kind of Fuchs-typed equations with four regular
singular points 7 =0, 1,h and 1 = oo, the solution to Lamé equa-
tion (3) is known as Lamé function.

There are different Lamé functions expressed in closed form,
for example, when n =3, » =4(1 +m?), i.e. & = —4(1 +m~2), the
Lamé function is

I'x) =020 -2 (1 - h_ln)l/2 =snxcnxdnx. (5)
For n =2, when A =1+ m2, the Lamé functions is

Lx)=0-mn'(1 —h’ln)uzzcnxdnx, (6)
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when A =1+ 4m?2, the Lamé functions is

_1.21/2
L5 =1 —m'"?(1—h"1n)"
and when A =4 + m?2, the Lamé functions is

de=a-m21-n"p)'

In Egs. (5), (6), (7) and (8), cnx and dnx are the Jacobi el-
liptic cosine function and the Jacobi elliptic function of the third
kind [14,15], respectively. Lamé functions given in this section have
been applied to solve nonlinear equations to derive multi-order so-
lutions [17]. Is there any other kind of Lamé functions and could
they be applied to solve nonlinear equations, either? We will an-
swer this question in the next sections.

=snxdnx (7)

2 _ snxcnx. (8)

3. New Lamé equation and new Lamé functions

In fact, Lamé equation in terms of y(x) can also be written as

dy 2 .32
d—z—i—[k—n(n—}—l)m cd*x]y =0, (9)
where cdx = % is another kind of Jacobi elliptic function with

its modulus m (0 <m < 1), and A is an eigenvalue, n is a positive
integer, too.
Set

¢ = cd’x (10)

then the Lamé equation (9) becomes

dy 1/1 1 1 \dy w+nmn+1)¢
—+s-+ + =0,
d¢? 2<C (=1 ¢- h>dC 4¢ - -h

(11)
where
h=m=2>1,  w=—hx. (12)

Obviously, Eq. (11) takes the same form as Eq. (3), it is a kind of
Fuchs-typed equations with four regular singular points ¢ =0,1,h
and ¢ = oo, the solution to Lamé equation (11) is known as Lamé
function.

For Eq. (11), there also exist different Lamé functions expressed
in closed form, for example, when n =3, A = 4(1 + m?), ie. =
—4(1 +m~2), the Lamé function is

190 =21 = )V2(1=h"¢)"? = cdxsdxndx, (13)

this is another Lamé function different from that given in (5).
For n =2, when A =1+ m?, the Lamé functions is

180 =1 —)2(1—h1¢)""* =sdxndx, (14)

when A =1+ 4m?, the Lamé functions is

L) =(1-0)"(1—h"¢)"? = cdxndx (15)

and when A =44 m?, the Lamé functions is

1o =1 -1 —h_]§)1/2=sdxcdx. (16)
In Egs. (13), (14), (15) and (16), sdx= 3%, ndx = ﬁ are two

new Jacobi elliptic functions. L$4(x), L59(x) and L39(x) are three
new Lamé functions different from those given in (6), (7) and (8).
Could they be applied to solve nonlinear equations, either? We will
answer this question in the next sections. Since we have reported
the applications of Lamé functions L$"(x) and/or L (x) and/or L (x)
and/or L§(x) to KdV equation and mKdV equation in the Ref. [17],
we will take these two nonlinear equations as examples to illus-
trate the applications of new Lamé functions to nonlinear equa-
tions to derive multi-order solutions of novel forms.

4. Applications of new Lamé functions to mKdV equation

mKdV equation reads

ou 2au_‘_ﬂa3u 0 (17)
ot a3

We seek its travelling wave solutions of the following form
u=u@), &=kx-ct), (18)

where k and c are wave number and wave speed, respectively.

In the frame of (18), (17) can be written as

d?u

k2—+—u —cu = Co, 19

Bk &2 0 (19)
where integration with respect to & has been taken once and Cy is
the integration constant.

Here we consider perturbation method and setting

U=1ug+eus + € uy+---, (20)

where € (0 < € « 1) is a small parameter, ug, uy and u, represent
the zeroth-order, first-order and second-order solutions, respec-
tively.

Substituting (20) into (19), we can derive the zeroth-order, the
first-order and the second-order equations as

d Up
% B2 G + _uo cug = Co, (21)
d2
el: ,BkZFu; + (aug —c)uy =0 (22)
and
€2 pk 24 déz + (aud — ¢)uz = —augui. (23)

From the zeroth-order Eq. (21) and the ansatz solution
up=ap+aycdé (24)

we can get the zeroth-order exact solution of mKdV equation

Uoq :j:mk‘/—% cdg, c=—(1+m?)pk> (25)

Substituting the zeroth-order exact solution (25) into the first-
order Eq. (22) leads to

dZU1
dg?
which takes the same form as Lamé equation (9), so the first-order
exact solution can be written as

up = A1L54(¢) = Arsd & ndé, (27)

+[(1+m?) —6m?*cd*£]u; =0 (26)

where Aq is an arbitrary constant.
Substituting the zeroth-order exact solution (25) and the first-
order exact solution (27) into the second-order Eq. (23) results in

dzuz

@ +[(1+m?) — 6m? cd?£]u,
=+ —%“’—cdgsdzgndZs (28)

which is an inhomogeneous Lamé equation of the form (9), and it
can be solved by introducing an ansatz solution

Uy =bycdé +bscd €. (29)
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Combining (28) with (29) reaches the second-order exact solu-
tion

o |8 (1+m?)A3 el 2m?
2=\ T8 Tomk(1 — m2)? 1+m2

For the zeroth-order Eq. (21
written as

cdzg]. (30)

), the ansatz solution can also be

ug=ap—+ajsdé (31)

we can get the zeroth-order exact solution of mKdV equation

[6(1 — m2
Uy = £mk w sdé,  c=(2m* —1)BK% (32)

Substituting the zeroth-order exact solution (32) into the first-

order Eq. (22) leads to
d*uy 2 2 2\ 2
dg—2+[(2m —1)+6m*(1—m?)sd”&Ju; =0 (33)

which takes the same form as Lamé equation (9), so the first-order
exact solution can be written as

Uy = A2L(6) = Ay cd £ nd g, (34)

where A, is an arbitrary constant.
Substituting the zeroth-order exact solution (32) and the first-
order exact solution (34) into the second-order Eq. (23) results in

dzﬂ + [(2m2 —1) -|-6m2(1 — mz) sdzé]uz
dg?

_m2
_ = /wm’ sd& cd? £ nd? & (35)

which is an inhomogeneous Lamé equation of the form (9), and it
can be solved by introducing an ansatz solution

Uy = by sdé + bz sd>&. (36)

Combining (35) with (36) reaches the second-order exact solu-
tion

(1—2m?)A2 q
22 = (1—m2),8 Tomk 4%

2m2(1 2
[1 + % sdzs]. (37)

For the zeroth-order Eq. (21), the ansatz solution can also be
written as

up=ap+ayndé (38)

we can get the zeroth-order exact solution of mKdV equation

—m2
g3 = %k, | w nde, = (2—m?)pI2. (39)

Substituting the zeroth-order exact solution (39) into the first-

order Eq. (22) leads to
d*uy 2 Y
«15—2+[(m —2)+6(1—m*)nd*&Ju; =0 (40)

which takes the same form as Lamé equation (9), so the first-order
exact solution can be written as

ur3 = A3L}4(6) = Assd& cdé, (41)

where As is an arbitrary constant.

Substituting the zeroth-order exact solution (39) and the first-
order exact solution (41) into the second-order Eq. (23) results in

d?u
FZZ +[(m? —2) +6(1 —m?) nd®&]u,

—m2
- /L ﬂm )% A5 ks cde (42)

which is an inhomogeneous Lamé equation of the form (9), and it
can be solved by introducing an ansatz solution

up =bynd& + b3nd’&. (43)
Combining (42) with (43) reaches the second-order exact solu-
tion
(2 —m?)A2 20-m?
U3 = 3nde|1—- ——"nd%g|.
23 \/ 1— m2)/3 12m%k § 2—m2 §

(44)

Obviously, the solutions given above to mKdV equations are dif-
ferent from those we have given in the Ref. [17], these solutions
are solutions of novel forms have not been reported in the litera-
ture.

5. Applications of new Lamé functions to KdV equation

The second example we want to show is KdV equation, it reads

du  du a3u
— — — =0. 45
ot ax +h 0x3 (45)
Substituting (18) into (45) yields
du  du du
K- +u——c—=0. 46
B TS + i (46)
Integrating (46) once with respect to & and we have
d? 1
Bk? d; + —u? —cu=Co, (47)

where Cg is an integration constant.
Substituting (20) into (47), we get the zeroth-order, the first-
order and the second-order equations:

€% Bk Zcilsuzo + ]”0 cug = Co, (48)
el: ﬂlzdz + (ug—C)u; =0 (49)
: ie?
and
€% ﬂlzdz + (ug — O)up = —1u2. (50)
dg2 21

The zeroth-order Eq. (48) can be solved by the Jacobi elliptic
sine function expansion method, the ansatz solution
ug=ag+ajcdé +aycd’ e (51)

can be assumed.

Applying (51) to (48
easily obtained

ug =c+4(1+m?)pk* — 12m?pk* cd? €. (52)

Similarly, substituting (52) into the first-order equation (49)
leads to

dZU1
d&?

), the zeroth-order exact solution can be

+[4(1 +m?) — 12m*cd®&Ju; =0 (53)
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obviously this is the Lamé equation (9), its solution is
u;=Acdésdéndé (54)

where A is an arbitrary constant.
Substituting the zeroth-order solution (52) and the first-order
solution (54) into the second-order equation (50) results in

dzj +[4(1 +m?) — 12m* cd? € Juy
dg?
A oo 2
:_2/3k2 cd“ésd“End & (55)

it is obvious that this is an inhomogeneous Lamé equation with
n=3 and A = 4(1 +m?). Its solution of homogeneous equation is
just the same one as (9) and its special solution of inhomogeneous
terms can be assumed to be

Uy =bg +bycd?& + bycd® €. (56)

Then applying (56) to (55), the second-order exact solution of
KdV equation (45) can be written as

AZ
 48m2(1 — m2)2Bk2

Uy = [1—2(1+m?)cd*£ +3m* cd*¢].
(57)

The multi-order solutions to KdV equation given above are dif-
ferent from those given in the Ref. [17], these solutions are solu-
tions of novel forms to KdV equation.

6. Conclusion and discussion

In this Letter, the new Lamé equation and Lamé functions are
reported and applied to solve nonlinear equations, where mKdV

equation and KdV equation are take as two examples to illustrate
the applications of new Lamé functions to nonlinear equations to
derive the multi-order solutions of novel forms when perturbation
method is involved. The results got in this Letter is very important
for nonlinear instability of nonlinear coherent structures of non-
linear equations. Additionally, the method and results given in this
Letter can be easily applied to more nonlinear systems.

Acknowledgements

Many thanks are due to suggestions from the referees and
support from National Basic Research program of China (Grants
2006CB403600 and 2005CB42204), National Natural Science Foun-
dation of China (No. 90511009) and CAS Project (KZCX2-YW-Q11-
04).

References

[1] M.L. Wang, Phys. Lett. A 199 (1995) 169.
[2] E.G. Fan, Phys. Lett. A 277 (2000) 212.
[3] A.M. Wazwaz, Phys. D 213 (2006) 147.
[4] R. Hirota, J. Math. Phys. 14 (1973) 810.
[5] M. Otwinowski, R. Paul, W.G. Laidlaw, Phys. Lett. A 128 (1988) 483.
[6] N.A. Kudryashov, Phys. Lett. A 147 (1990) 287.
[7] SXK. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, Appl. Math. Mech. 22 (2001) 326.
[8] C.T. Yan, Phys. Lett. A 224 (1996) 77.
[9] SK. Liu, ZT. Fu, S.D. Liu, Q. Zhao, Phys. Lett. A 289 (2001) 69.
[10] Z.T. Fu, SK. Liu, S.D. Liu, Q. Zhao, Phys. Lett. A 290 (2001) 72.
[11] EQ. Dou, J.A. Sun, W.S. Duan, et al., Commun. Theor. Phys. 45 (2006) 1063.
[12] X.P. Liu, C.P. Liu, Chaos Solitons Fractals 39 (2009) 1915.
[13] J.H. He, X.H. Wu, Chaos Solitons Fractals 30 (2006) 700.
[14] Z.X. Wang, D.R. Guo, Special Functions, World Scientific, Singapore, 1989.
[15] SKK. Liu, S.D. Liu, Nonlinear Equations in Physics, Peking University Press, Bei-
jing, 2000.
[16] A.H. Nayfeh, Perturbation Methods, John Wiley and Sons Inc., New York, 1973.
[17] SK. Liu, ZT. Fu, S.D. Liu, Z.G. Wang, Chaos Solitons Fractals 19 (2004) 795.



