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第 章 全同粒子

世纪末最有才气的莱布尼茨（ ）在普鲁士王宫里向

王室成员和众多贵族宣传他的宇宙观时ᨀ出：“凡物莫不相异”——“天地间没有两个

彼此完全相同的树叶”。诚然，经典物理的所有物体都是可以区分的。在经典物理

中，“空间”是物理对象“位置”的自然沿拓，空间是由占据它的粒子来定义的。因

为粒子（或质点）具有不可入性，即在同一时刻两个物理对象无法占据同一空间位置

r⃗，所以原则上我们可以根据物理对象的空间位置来区分它们。然而量子力学中“轨

道”没有物理意义，由于不确定关系，在给定时刻᧿述粒子的空间分布的波函数要涵

盖整个坐标空间，此时我们需要讨论物理对象的量子状态。波函数遵从态叠加原理，

然而对于多粒子体系，态叠加原理并没有要求两个粒子出现在空间同一点的几率密度

为零。下面我们将讨论：“两个物体是否可以在同一时刻处于同一状态？”

在量子力学中，这个问题变得更加重要，量子化将导致全同粒子——定义为所有

物理属性（质量、电荷、自旋等）完全相同的粒子。例如

自旋 s ：0,
1
2
, 1,

3
2
, · · ·

电荷 e ：± 1, ± 2, ± 2
3
, ± 1

3
, · · ·

弱荷 I ：± 1
2

质量 M ：me, mp, · · ·

宇宙中所有电子的质量、自旋和电荷等诸般属性完全相同。此时上面的问题化作：“量

子力学中内禀属性完全相同的粒子是否可以处于相同状态？”这就是我们下面要讨论

的物理学中最简单也是最深刻的原理——泡利不相容原理。

全同粒子的不可区分性

在经典物理中我们可以同时测量两个粒子的位置，所以我们可以跟踪两个粒子的

轨迹来区分粒子 和粒子 。例如，在斯诺克比赛中，只要摄影机的分辨率足够精确，

我们就可以分辨 个红球。故而，无论两个经典粒子如何相似，它们都是可以分辨

的。在宏观尺度上，全同只不过是一个抽象的概念而已。在量子力学中，当两个粒

子的波函数具有重叠时，虽然我们可以在每一个时刻都可以用 和 来标记两个粒

子，但我们无法知道下一时刻它们的轨道信息，所以我们无法跟踪这两个粒子。如图

（ ）所示，在两粒子的德布罗意波重叠区域，我们无法区分左面图形和右面图形。
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第 章 全同粒子

当 k1 = k2 = k 时，ψ
(A)
kk = 0。这就是泡利不相容原理——不允许两个全同的费

米子处于同一单粒子态
∣∣∣φk

〉
上，这里 k 代表足以᧿述费米子体系的一组完备量

子数。如果在实验中我们发现全同费米子处于同一个单粒子态中，那就意味着

我们已知的量子数集合并不是完备的，一定存在着未知的力学量自由度。

示例

考虑两个全同自由粒子，令其动量分别为 h̄k⃗α 和 h̄k⃗β。下面分三种情况讨论它们

在空间的相对距离的几率分布。我们更关心的是两粒子体系的相对位置分布。将两体

问题化简为整体位置和相对位置，略去质心运动部分，相对运动的波函数为

φk(r⃗) =
1

(2πh̄)3/2 e
ik⃗ ·⃗r .

没有交换对称性（相当于非全同粒子）：在不计及交换对称性时，两粒子相对运

动的波函数就是 φk(r⃗)。此时在一个粒子周围，半径在 (r, r+ dr) 的球壳内找到

另一个粒子的几率为

r2dr
∫
|φk(r⃗)|2dΩ =

4πr2dr
(2πh̄)3

= 4πr2P(r)dr.

式中 P(r) 表示几率密度。从上式中看出 P(r) 是个常数。这完全符合无相互作

用的两个自由粒子的物理图像，每个粒子的波函数覆盖全空间而且出现在不同

位置的几率均等。

交换反对称：当粒子 1↔ 2 交换时，r⃗→−r⃗，反对称波函数为

φ
(A)
k (r⃗) =

1√
2
(1− P̂12)

1
(2πh̄)3/2 e

ik⃗ ·⃗r =
i
√
2

(2πh̄)3/2 sin(⃗k · r⃗),

由此计算可得

4πr2P(A)(r)dr = r2dr
∫
|φ(A)

k (r)|2dΩ =
2r2dr
(2πh̄)3

∫
sin2(⃗k · r⃗)dΩ

=
2r2dr
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∫ 2π

0
dφ

∫ π

0
sin2(kr cosθ)sinθdθ

=
4πr2dr
(2πh̄)3

[
1− sin(2kr)

2kr

]
,

即

P(A)(r) =
1

(2πh̄)3

[
1− sin(2kr)

2kr

]
.

交换对称：类似可以求出

P
(s)
k (r) =

1
(2πh̄)3

[
1+

sin(2kr)
2kr

]
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H1

1s1

2S1/2

He2

1s2

1S0

Li3

2s1

2S1/2

Be4

2s2

1S0

B5

2p1

2P1/2

C6

2p2

3P0

N7

2p3

4S3/2

O8

2p4

3P2

F9

2p5

2P3/2

Ne10

2p6

1S0

Na11

3s1

2S1/2

Mg12

3s2

1S0

Al13

3p1

2P1/2

Si14

3p2

3P0

P15

3p3

4S3/2

S16

3p4

3P2

Cl17

3p5

2P3/2

Ar18

3p6

1S0

K19

4s1

2S1/2

Ca20

4s2

1S0

Sc21

3d1

2D3/2

Ti22

3d2

3F2

V23

3d3

4F3/2

Cr24

4s13d5

7S3

Mn25

3d5

6S5/2

Fe26

3d6

5D4

Co27

3d7

4F9/2

Ni28

3d8

3F4

Cu29

4s13d10

2S1/2

Zn30

3d10

1S0

Ga31

4p1

2P1/2

Ge32

4p2

3P0

As33

4p3

4S3/2

Se34

4p4

3P2

Br35

4p5

2P3/2

Kr36

4p6

1S0

Rb37

5s1

2S1/2

Sr38

5s2

1S0

Y39

4d1

2D3/2

Zr40

4d2

3F2

Nb41

5s14d4

6D1/2

Mo42

5s14d5

7S3

Tc43

5s14d6

6D9/2

Ru44

5s14d7

5F5

Rh45

5s14d8

4F9/2

Pd46

5s04d10

1S0

Ag47

5s14d10

2S1/2

Cd48

4d10

1S0

In49

5p1

2P1/2

Sn50

5p2

3P0

Sb51

5p3

4S3/2

Te52

5p4

3P2

I53

5p5

2P3/2

Xe54

5p6

1S0

Figure 11.2 The first five rows of the periodic table.
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7.2 ONE-DIMENSIONAL SYSTEMS 193

The most familiar manifestation of such effects comes from the Pauli exclusion
principle, which states roughly that

• No two electrons (or any two indistinguishable spin-1/2) particles can occupy
the same quantum state.É

The fact that each atomic energy level can then accommodate only two electrons
(one “spin-up” and one “spin-down”) leads to the shell structure of atomic
physics and is therefore arguably responsible for much of chemistry and biology;
similar shell structure occurs in nuclei as well. In this chapter, using the infinite
well potential as a model, we will examine the dramatic effects this restriction
can have on macroscopic numbers of particles, applying it to condensed matter,
to nuclear, and to astrophysical systems.

7.2 One-Dimensional Systems

We begin by considering Ne electrons in the standard infinite well (in one
dimension, here with width L) with energy spectrum

En = !2π2n2

2mL2 , n = 1, 2, 3, . . . (7.1)

For particles not required to satisfy the exclusion principle, the total energy of
such a system would simply be

Etot =
(

!2π2

2mL2

)

Ne (without exclusion principle) (7.2)

since we would just sum up the ground state energy for each one. For electrons,
however, to be consistent with the exclusion principle, one has to “fill up” the
energy levels, two at a time, to a state characterized by Nmax = Ne/2, as in
Fig. 7.1. The total energy is then

Etot = 2
Nmax
∑

n=1

En = !2π2

mL2

Nmax
∑

n=1

n2 (7.3)

É Like any other physical law, the Pauli principle should be amenable to experimental verification,
and it is natural to ask “How well do we know that the exclusion principle is satisfied?.” It turns out to
be extremely difficult to construct logically self-consistent theories of quantum mechanics in which the
Pauli principle is only violated by a small amount. Nonetheless, various experiments (e.g. see, Ramberg
and Snow 1990) have been taken to imply that the probability that a multielectron system will be in a
configuration which violates the exclusion principle is less than roughly 10−26.
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Figure 7.1. Filling of one-dimensional infinite well energy levels with spin-1/2
particles.

E4

E3

E2

E1

The summation can be done in closed form to yield

Nmax
∑

n=1

n2 = Nmax(Nmax + 1)(2Nmax + 1)

6
≈ N 3

max

3
(7.4)

when Nmax >> 1. In this case, the labeling of states and energy summation is
trivial, but in a more realistic three-dimensional example, the enumeration of
states will be more complicated, so we also do the “counting” in a slightly more
formal manner. We can write

Ne = 2
Nmax
∑

n=1

1 = 2
Nmax
∑

n=1

!n ≈ 2
∫ Nmax

1
dn ≈ 2Nmax (7.5)

and

Nmax
∑

n=1

n2 =
Nmax
∑

n=1

n2!n ≈
∫ Nmax

1
n2dn ≈ N 3

max

3
(7.6)

We have identified !n = 1 with dn and used a simple version of the more
general relation between a discrete sum and continuous integral, namely, the
Euler–Maclaurin formula, which is discussed in Appendix D.2.

In either case we find

Etot = !2π2

mL2

(

N 3
max

3

)

= !2π2

24mL2 N 3
e (with exclusion principle) (7.7)

The average energy per particle, E , is simply

E = Etot

Ne
= !2π2

24mL2 N 2
e (7.8)
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well potential as a model, we will examine the dramatic effects this restriction
can have on macroscopic numbers of particles, applying it to condensed matter,
to nuclear, and to astrophysical systems.

7.2 One-Dimensional Systems

We begin by considering Ne electrons in the standard infinite well (in one
dimension, here with width L) with energy spectrum

En = !2π2n2

2mL2 , n = 1, 2, 3, . . . (7.1)

For particles not required to satisfy the exclusion principle, the total energy of
such a system would simply be

Etot =
(

!2π2

2mL2

)

Ne (without exclusion principle) (7.2)

since we would just sum up the ground state energy for each one. For electrons,
however, to be consistent with the exclusion principle, one has to “fill up” the
energy levels, two at a time, to a state characterized by Nmax = Ne/2, as in
Fig. 7.1. The total energy is then

Etot = 2
Nmax
∑

n=1

En = !2π2

mL2

Nmax
∑

n=1

n2 (7.3)

É Like any other physical law, the Pauli principle should be amenable to experimental verification,
and it is natural to ask “How well do we know that the exclusion principle is satisfied?.” It turns out to
be extremely difficult to construct logically self-consistent theories of quantum mechanics in which the
Pauli principle is only violated by a small amount. Nonetheless, various experiments (e.g. see, Ramberg
and Snow 1990) have been taken to imply that the probability that a multielectron system will be in a
configuration which violates the exclusion principle is less than roughly 10−26.
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Figure 7.1. Filling of one-dimensional infinite well energy levels with spin-1/2
particles.

E4

E3

E2

E1

The summation can be done in closed form to yield

Nmax
∑

n=1

n2 = Nmax(Nmax + 1)(2Nmax + 1)

6
≈ N 3

max

3
(7.4)

when Nmax >> 1. In this case, the labeling of states and energy summation is
trivial, but in a more realistic three-dimensional example, the enumeration of
states will be more complicated, so we also do the “counting” in a slightly more
formal manner. We can write

Ne = 2
Nmax
∑

n=1

1 = 2
Nmax
∑

n=1

!n ≈ 2
∫ Nmax

1
dn ≈ 2Nmax (7.5)

and

Nmax
∑

n=1

n2 =
Nmax
∑

n=1

n2!n ≈
∫ Nmax

1
n2dn ≈ N 3

max

3
(7.6)

We have identified !n = 1 with dn and used a simple version of the more
general relation between a discrete sum and continuous integral, namely, the
Euler–Maclaurin formula, which is discussed in Appendix D.2.

In either case we find

Etot = !2π2

mL2

(

N 3
max

3

)

= !2π2

24mL2 N 3
e (with exclusion principle) (7.7)

The average energy per particle, E , is simply

E = Etot

Ne
= !2π2

24mL2 N 2
e (7.8)
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while the energy of the last state to be filled, the so-called Fermi energy, is

EFermi = EF = !2π2N 2
max

2mL2 = !2π2

8mL2 N 2
e (7.9)

Taken together, the electrons in this configuration consistent with the exclusion
principle are sometimes colloquially said to constitute the Fermi sea, so that EF

is the energy of an electron at the “top of the sea.” From Eqns (7.8) and (7.9) we
also note that the average energy is given by

E = 1

3
EF (7.10)

The role of the exclusion principle can be seen by noting that the ratio of total
energies with and without this constraint is roughly

Etot(with exclusion)

Etot(without exclusion)
≈ N 2

e

12
(7.11)

which can be an enormous difference if Ne >> 1.
We are accustomed to cases in which if we get all the dimensional factors

right, then the estimate of the physical observable is usually wrong by less than
an order-of-magnitude or so, in either direction. In this case, the “!-physics”
has predicted the dimensional factors correctly, but the exclusion principle can
still play just as important a role in determining the actual state of the physical
system.

7.3 Three-Dimensional Infinite Well

The one-dimensional example makes it clear that the exclusion principle can
play a very important role. In order to make a plausible connection to a real
system of spin-1/2 particles, however, we require a three-dimensional model, so
we consider particles in a three-dimensional cubical box of volume V = L3, that
is, a potential given by

V (x) =
{

0 for |x|, |y|, |z | < L

∞ otherwise
(7.12)

Either by “fitting de Broglie waves into the box” or via explicit solution of
the three-dimensional Schrödinger equation, we can easily find the quantized
energies, using

E = p2

2m
=

p2
x + p2

y + p2
z

2m
(7.13)


