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(Quantum Chromodynamics)




From QED to QCD

% Suppose there is another fundamental symmetry of the universe, say
“invariance under SU(3) local phase transformations”

* i.e. require invariance under Y — \,/’ = \l/e"g'l-e(-") where
1 are the eight 3x3 Gell-Mann matrices introduced in handout 7
é(x) are 8 functions taking different values at each point in space-time
—> 8 spin-1 gauge bosons
Y= (gé) wave function is now a vector in COLOUR SPACE
Vs — |QcD!

% QCD is fully specified by require invariance under SU(3) local phase
transformations

Corresponds to rotating states in colour space about an axis
whose direction is different at every space-time point

> interaction vertex: _ %,fgs,’{a},#

% Predicts 8 massless gauge bosons — the gluons (one foreach ] )

% Also predicts exact form for interactions between gluons, i.e. the 3 and 4 gluon
vertices — the details are beyond the level of this course




In QED:

* the electron carries one unit of charge

Colour in QCD

% The theory of the strong interaction, Quantum Chromodynamics (QCD),
is very similar to QED but with 3 conserved “colour” charges

—e o

* the anti-electron carries one unit of anti-charge -}-¢

 the force is mediated by a massless “gauge

boson” — the photon

In QCD:

» quarks carry colour charge: 1,g,b
- anti-quarks carry anti-charge: 7,g.b

e The force is mediated by massless gluons

04N
\‘@g

% In QCD, the strong interaction is invariant under rotations in colour space

rb,r—g, b—g

i.e. the same for all three colours

=

SU(3) colour symmetry

-» Color is conserved!



The Quark — Gluon Interaction

* Representing the colour part of the fermion wave-functions by:

I 0 0
r=c=|0 g=c2=|1 b=c3= |0
0 0 1

* Particle wave-functions u(p) — c,-u(p)

* The QCD qQg vertex is written:
u(p3)ei{—3igsA“P yeiu(pi)

e Only difference w.r.t. QED is the insertion of the 3x3
SU(3) Gell-Mann matrices

* Isolating the colour part: a

; [ M
a,. __ ¢ . 1a
Cj}t i =¢; A —lji
AL,
[

Hence the fundamental quark - gluon QCD interaction can be written

u(p3)ci{—3igs A"V Yeiu(pr) = u(p3){—3igs AGy* Yu(pr)



Feynman Rules for QCD

& External Lines  incoming quark

u(p) —>—

outgoing quark u(p) —>

spin 1/2 incoming anti-quark v(p) . e

_ outgoing anti-quark v(p) —

_ " incoming gluon et (p) 0000,

spin 1 Y outgoing gluon et (p)* e 2QQ0Q
. Intern.al Lines (propagators) —— b I v
spin 1 gluon g2 a._ - L.b

a,b=1,2,...,8 are gluon colour indices
& Vertex Factors U,a

spin 1/2 quark —igss Ay l

i,j =1,2,3 are quark colours,
A% a=1,2,..8 are the Gell-Mann SU(3) matrices
& + 3 gluon and 4 gluon interaction vertices

& Matrix Element -iM = product of all factors



Matrix Element for quark-quark scattering

% Consider QCD scattering of an up and a down quark

u Pl P3 u *The incoming and out-going quark colours are
Hat o labelled by i, j k,l = {1,2,3} (or {r,g,b})
* In terms of colour this scattering is
ik — jl
* The 8 different gluons are accounted for by
the colour indices g.b=1,2,...,8

v.b d *NOTE: the 6-function in the propagator ensures
?

k [ a = b, i.e. the gluon “emitted” at a is the
same as that “absorbed” at b

% Applying the Feynman rules:
. - . l ap
=M = [f(ps) {~JigsAfP )] — 4 8 [a(pa){~ g Ay Yua(p2)

where summation over a and b (and u and v) is implied.

% Summing over a and b using the d-function gives:

M = ——Aallk zguv[ﬁu(lh)y#“u(pl)][EJ(P4)YVL‘d(p2)]

Sum over all 8 gluons (repeated indices)



QCD vs QED
QED e & U P e-

—iM = [@(ps)ier u(p1)] — S (@(pa)iey"u(ps)
M——ez;—,guv[ﬁ(m)}"‘u(m)][ﬁ(m)yvu(m)] " = v . W

QCD
M=-= lj’,l,k ,guv[ﬁu(P.%)Y““u(Pl)][ﬁd(m)}’vud(l)z)]
% QCD Matrix Element = QED Matrix Element with:
(32 — g2 or equivalentl o = 82 Ol g‘% v,
° . —_— — — ) b
A q y 47[ A 47[ k b) l

+ QCD Matrix Element includes an additional “colour factor”

. . ] ° ana
a=|




Evaluation of QCD Colour Factors

*QCD colour factors reflect the gluon states that are involved

010 001 000 1 00
Al=1100 AY=1000 A=1001 AM=10-10
000 100 010 0 00
0 —i0 00 —i 00 0 10 0
A2=|i 00 A=100 0 AT=100 —i 18:—',; 01 0
0 00 i0 0 0i 0 ““\oo -2

....................................................................................................................................................................................................................................

....................................................................................................................................................................................................................................

Only matrices with non-zero entries in 11 position are involved

C(rr—rr) = —Zl “——/'l.”l”-i-l ).lsl)

— 1 ]+l —l
4 3) 3
|

Similarly find C(rr — rr) =C(gg — gg) =C(bb — bb) = 5




®  Other configurations where quarks don’t change colour eg. rb—rb
r r

Only matrices with non-zero entries in 11 and 33 position
j=1 are involved

C(rb—rb) = —ZA “_ ,1;-‘3)
b b _ 1/1 =2y __1
k=3 =3 - 4(\/§'ﬁ>_ 6

Similarly C(rb—rb)=C(rg —rg)=C(gr— gr)=C(gh— gb) =C(br— br) =C(bg — bg) = — -

©® Configurations where quarks swap colours e.g. rg — gr
r 9 Only matrices with non-zero entries in 12 and 21 position
j=2 areinvolved ] s s
Clrg—gr) = = Z AAly = A,, Az + A31A%)
I 0, or |
Gluons rg, gr R () 1) = | A(U)f.(kl)
97 =" = U=+ =3 LE—

I

C(rb—br)=C(rg —gr)=C(gr—rg)=C(gb— bg) =C(br—rb)=C(bg — gb) = 5

@ cConfigurations involving 3 colours e.g. rh — bg

r b

Only matrices with non-zero entries in the 13 and 32 position

But none of the A matrices have non-zero entries in the
13 and 32 positions. Hence the colour factor is zero

re3 139 % colour is conserved




Colour Factors : Quarks vs Anti-Quarks

* Recall the colour part of wave-function: (
r=¢ =

OO -
S
o
Il
AR
o
Il
GRS
o -0
S i’
S
I
)

w
———————
-0 O
e

* The QCD qQqg vertex was written:
u(p3)ci{—3ig A"y Yeu(pr)

% Now consider the anti-quark vertex
The QCD Qg vertex is:

v(p1)e] {—Ligs A"y Yev(p3)

Note that the incoming anti-particle now enters on the LHS of the expression

a

e For which the colour part is lj i.e indices ij are

C}Ll"c = Cj /'ij = /1,-‘;- swapped with respect
Mz_ to the quark case

Hence | ¥(pi)c]{—3%igsA“y"}cjv(p3) = ¥(p1){—3igsAlv* }v(p3)

c.f. the quark - gluon QCD interaction

u(p3)ci{—3igsA Y Yeiu(pr) = u(p3){—3igs AGy* Yu(pr)
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% Finally we can consider the quark — anti-quark annihilation

q P
\ H,d QCD vertex: v(pz)cz{—%igsl“y“}c,'u(pl)
k

: T
with Cp Al = ki

q P2

V(p2)ci{—igsA“V Yeiu(pr) =V(p2){—3igs ALy hu(p:)

11



* Consequently the colour factors for the different diagrams are:

q

i

J_q

CM—qIEZZA%ﬁ

A 31 I S ana
C(lk — jl) = Z Z A’jia‘kl
a=1

C(lk—>]l EZZ /\l jI
=]

Colour index of adjoint spinor comes first

e.g.
C(rr—rr) =3

Clrg — rg) = 4

C(rg—gr) =13
C(rF — rr) = 3
C(rg—rg)=—3
C(r7 — g8) = 3
C(rr—rr) = -%
C(rg —rg) =5

C(rr — g8) = —¢

12



Quark-Quark Scattering

« Consider the process #+d — u+d which can occur in the <
high energy proton-proton scattering

* There are nine possible colour configurations

of the colliding quarks which are all equally +§
likely. p

* Need to determine the average matrix element which
is the sum over all possible colours divided by the A
number of possible initial colour states jet

[ N
(IMsi|*) = 33 Y Mg(ij— k)|

i, 7.k 1=l
* The colour average matrix element contains the average colour factor
| 3
2 . 2
(=5 ¥ ICGj— ki)
i,j.kl=1
For 99 — 99 rr—rt,.. rb—-1b,.. rb-br,..

(ICP) = é [3>< (%)2+6x (—é)2+6x (%)7] =§

13



Previously derived the Lorentz Invariant cross section for ey~ — e~u~
elastic scattering in the ultra-relativistic limit

i
do 2ma? q*\"

QED i [*“(*.g)]

- For ud — ud in QCD replace & — 0 and multiply by {|C|?)

Can tell QCD is SU(3)

dg? ) q*
Here § is the centre-of-mass energy of the quark-quark collision

* The calculation of hadron-hadron scattering is very involved, need to
include parton structure functions and include all possible interactions

e.g. two jet production in proton-antiproton collisions

« « N

IR O, 0, O

99 — 499 q8 — 98 88 — 88 qq — 88 q9 — 499

"
2o 2\ “ Never see colour, but
QCD do 2 S 1+ {1+ (]_ enters through colour factors.
S

14



Alternative evaluation of colour factors

% The colour factors can be obtained (more intuitively) as follows :

1
Write C(ik — jl) = §C|C2

Where the colour coefficients at the two
vertices depend on the quark and gluon
colours

o
~
Sl

C|=l Cl

r

| rb (7 — £3)

Si=

Sum over all possible exchanged gluons conserving
colour at both vertices



@ Confiqurations involving a single colour

e.dg. rr — rr:two possible exchanged gluons

r 1 r r c1__r
| Fn e
ﬁ(rr—gg) 76l Y+
r T r ST
== ci=c2=

C(rr—rr)= % (% -+ %)
e.g. bb — bb: only one possible exchanged gluon

b Cl b

- (17 + g8 —2bb) ‘===

o (\I_

b —7";
=  C(bb— bb) =

B —
N
S
S
S—

16



@ Other configurations where quarks don’t change colour

r Cl_r
Cl — % l .. - —
N (rr+gg — 2bb)
b b
Cyr = — 2
S Ve C(rb— rb) = % (—%

@ Configurations where quarks swap colours

|
~
|
o
ro
|
—

b —

C(rg —gr) =

17



e.g. pp collisions at the Tevatron

% Tevatron collider at Fermi National Laboratory (FNAL)
* located ~40 miles from Chigaco, US
e started operation in 1987 (will run until 2009/2010)

Two main accelerators:

e % Main Injector
Tevatron

R _ * Accelerates 8 GeV P
%goo GeV p } to 120 GeV
~i\t";i;? :_ - calso P to 120 GeV
) S — = * Protons sent to

Tevatron & MINOS
 p all go to Tevatron

Main Injector

120 GeV % Tevatron
~_o. 1 , * 4 mile circumference
S - accelerates P/P from

120 GeV to 900 GeV

18



Hadron Collider

In the simplest (leading-order)
interpretation, the PDF [,/ (7,Q) is a
probability for finding a parton a with
4-momentum zp® in a proton with
4-momentum p©

fasp(x, Q) depends on nonperturbative
QCD interactions

\ Tp

19



Drell-Yan Process at Hadron Colliders

Suggested by Sidney Drell and Tung-Mow Yan in 1970
Observed by Christenson et al in 1970. PRL 25 (21), 1523

——(
P1 o

X1P1 Ps3

O
2

X2 Po P4

Po
( .

Ol

20



A RWRE IR 1§ Ik —

p+p —> ctd

Xl?h X"Ph/ 2)
> 4 5
P % Porlin o Parvlte b /:: P(P)

7(%,,("‘&) = Jf - L% ]E'"/;,,/[Xz, )
Sl G ILLEEG!
(AART)

iy, 048) F2 1230 B 205 % %P, @@%}fz\?f 6 By %>

(x a)} (%, 8%) O‘(&Hb—) c+0\)
Pa= %P, B=x:B,

O (PP—cd)= Jo!Ynjdx

-+ ()61 &> Xz)



0) K feE (6a%) =N Pacp, = xBexale ko
TIbFE AR R B L otk B
b) i B sk £. 897 Srow
S= (Pat W) = (xPtxbr) = x?fﬂ X.j%,, 20T, B

Niifaasy 0 A B HeE
S=(Ppt Pu)’= B+ b +2h by

= S = xS
Jasds 7] A bR AT i
gt R3S, B TP HATLEE Y

) hitAx ) DIy oid, RV BE K TR FpHI% T

22



PDFs and QCD factorization

According to QCD factorization theorems, typical cross sections (e.g., for
vector boson production p(k1)p(k2) — |V (q) — £(k3)l(ks)] X) take the form

Opp—stlX = Z / d&/ d&204p v 00 (Zl Z Q) fayp(&1s ) fo/p(&2, 1)

a,b=q,q,9
+ 0 (Apep/Q7)

Mo, ., is the hard-scattering
cross section

W/, (& ) are the PDFs
B Q° = (k3 + k4)?, 12 = (Q/\/S) eTYV —

measurable quantities

B &, & are partonic momentum fractions (integrated over)
B /. is a factorization scale (=renormalization scale from now on)

B Factorization holds up to terms of order AQ(;D/Q2 &



% Test QCD predictions by looking at production of pairs of high energy jets

pp —jet jet + X

24



(fb/GeV)

d“o
dEpdn

% Measure cross-section in terms of
D L /£ 0 9] - “transverse energy” Ep = E;,sin 6
- “pseudorapidity” n =In [Cot (g)]

...don’t worry too much about the details here,
what matters is that...

% QCD predictions provide an

— QCD Prediction
excellent description of the data

JETRAD Program

NOTE:

o at low E, cross-section is

dominated by low x partons
i.e. gluon-gluon scattering

o at high E, cross-section is

dominated by high x partons
i.e. quark-antiquark scattering

(1002) 98 "no A9y "sAyd ‘uoneisoqge|jod 04

-0 =5.7-15°

1 (\\(‘\((\‘(\\(~\((\‘(\\(~\\(\
50 100 150 200 250 300 350 400 450 500

ET (GCV)



Running Coupling Constants

QED/| - “bare” charge of electron screened -Q @ @
by virtual e*e~ pairs ® @
 behaves like a polarizable dielectric @
% In terms of Feynman diagrams: @
o
> > > > > >
" + é + g T
> > > > > > >
N
% Same final state so add matrix element amplitudes: M = M| + M, +M; + ...
% Giving an infinite series which can be summed and is equivalent to 5
a single diagram with “running” coupling constant R \/E(q')

(@)= a(@) / [1-“ L, (go)] 7

2
Note sign Q> Q() '\/a(qf)

26



a(Q?) A : * _Ml_gl'_lt worry that coupling becomes
. infinite at Q2 .
: n 5 - —
| Q;) 1/137
| i.e. at 0 ~ 102 GeV
137 : * But quantum gravity effects would come
In Q’z in way below this energy and it is

105 Lo v b b v by B v B v b b g 1y

OPAL CoIIaboratlon Eur Phys J 033 (2004)

L B I T
TOPAZ p,p,/eep,p. A qq: A

Fits to leptonic data from: ]
“DORIS, *PEP, OPETRA, ¢ TRISTAN

0 25 50 75 100 125 150 175 200
Q/GeV

highly unlikely that QED “as is” would
be valid in this regime

% In QED, running coupling increases
very slowly

eAtomic physics: Q2 ~ ()
1 /o0 = 137.03599976(50)
*High energy physics:

1/a(193GeV) = 127.4+2.1

27



Running of o

QCD| similar to QED but also have gluon loops

> > > > > > > > >
q2 — + - é@ I
X
> > > > > \\ > > \ ol
VAL \
Fermion Loop Boson Loops

* Remembering adding amplitudes, so can get negative interference and the sum
can be smaller than the original diagram alone

% Bosonic loops “interfere negatively”

os(@) = as(@8) / |14 Bs(@)n (gz)]

0
with B— 1IN. — 2Ny { N, =no. of colours
127 Ny = no. of quark flavours

N.=3;N;=6 == B>0
] Nobel Prize for Physics, 2004
== |Ol; decreases with Q? (Gross, Politzer, Wilczek)

28



% Measure Og in many ways:

* jet rates
* DIS
* tau decays

* bottomonium decays
°+...

* As predicted by QCD,
O.s decreases with ()2

0.4

0.3

og(p)

0.2

0.1

0.0

I | TI]TTYI

T — hadrons

T LI lll

[ QCD
DIS Prediction
_ 4 / ~
A
- Y(bb) Decay N . J
ete” — 3jets ]|
L 1 Ll L Ll Ll A L | | ll
1 2 5 10 20 50 100 200
H (GeV)

* At low Q*: Ol is large, e.g. at Q% = 1GeV? find Olg~ 1

u=~Q

Can’t use perturbation theory ! This is the reason why QCD calculations at

low energies are so difficult, e.g. properties hadrons, hadronization of

quarks to jets,...

* At high Q?: Olg is rather small, e.g. at 0 = M% find Og~0.12

-

Asymptotic Freedom

One can use perturbation theory and this is the reason that in DIS at high Q2
quarks behave as if they are quasi-free (i.e. only weakly bound within hadrons)

29



Mass, GeV/c? ——»

/
/
o} m(2981)

|S°

Aﬁﬂ

¥(4160)

s sas

{(4030)

[722>9724

$(3770)

po2s94774

n(3590).- - ,3533\\ =

, 1

¥(3097)

T Y-decay

Hadronic

Colour Potentials

r— et

Y(10575)

desddda

— o - —OM

10355
4g7(10355)

!

o-*

Y (10025) Xo States
.23 ——

gggs) (99195)
.p (9875) (9895)

(10235) (10255) (10270)

g Y (9460)
T O O
1=" o++ 1++ o4+
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Colour Potentials

Previously argued that gluon self-interactions lead to a +A r long-range
potential and that this is likely to explain colour confinement

*Have yet to consider the short range potential — i.e. for quarks in mesons
and baryons does QCD lead to an attractive potential?

eAnalogy with QED: (NOTE this is very far from a formal proof)

QeD| =5 €5
& 7 e T e’ +e '

Repulsive Potential Static Attractive Potential

QCD * by analogy with QED expect potentials of form

(04
-V (r -I-C— I )=-C—

* Whether it is a attractive or repulsive potential depends on sign of colour factor
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% Consider the colour factor for a qq system in the colour singlet state:
| B _
with colour potential (Vga) = (¥|Vocp | y)

= (V) = ((rrvaCDI"r) + ...+ (rF|Vocp | bb) + ...

| r
a;

r »
which is the term arising from ;7 — rr /

I

Have 3 terms like 17 — rF, bb — bb, ... and 6 like rF — gg, r¥ — bb, ...

I I o I I
(qu) __a.S [3XC I‘I—>H‘)+6XC(H‘—>gg)] _5% 3X§+6X§:|
= (Vi) = _%% NEGATIVE = ATTRACTIVE
r

- The same calculation for a qq colour octet state, e.g. rg dgives a positive
repulsive potential: C(r§ — I‘§) —_1

% Whilst not a formal proof, it is comforting to see that in the colour singlet
qq state the QCD potential is indeed attractive.
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% Combining the short-range QCD
potential with the linear long-range
term discussed previously:

4 o
VQCD = —57 +Ar

% This potential is found to give a good
description of the observed charmonium (cc)
and bottomonium (bb) bound states.

A T Y(10575) —
oc| v  Yoecay o0sl-2<——24, |bb NOTE:
I ool o raska 3g1(10355) 10270 * c, b are heavy quarks
’ 10255) . = .
o 2p' 2 ('t_ — « approx. non-relativistic
% IRNC>> S ez X% « orbit close together
_- 3686 ST ~— _ _ 10.0F° T
§ |" N~ xesio SR \p Go75) (9895 219 e probe 1/r part of Vqcp
= 35k II x(3415) // e
/ // //// -
o e Agreement of data with
Vo dd . . -
/o 9-5*13‘@[“9’ prediction provides strong
3o "l evidence that Vocp has the
% % T ® = I CON A B Expected form
R e R L = 0 e e
ye Jre
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Summary
% Superficially QCD very similar to QED

% But gluon self-interactions are believed to result in colour confinement

% All hadrons are colour singlets which explains why only observe

Mesons Baryons

% A low energies 05 ~ |
== Can’t use perturbation theory !

Non-Perturbative regime

% Coupling constant runs, smaller coupling at higher energy scales
os(100GeV) ~ 0.1
== Can use perturbation theory

Asymptotic Freedom

% Where calculations can be performed, QCD provides a good description
of relevant experimental data
34



