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2211 cc \\ �

)cc(
t

i 2211 \�\
w
w

!



  
                      

 
 

   ㆗⭒     㬨㼀㾵㰄ⴜ                   
 
 

       㑠䓴㑇䁈⤜㆗䄋㤔㑇䁈㑠㰄ⴜ㬨㼀㾵 
   㰄ⴜ᷍ⱙ㣳Ⳟ⧭㬨㼀㾵㡌⪯᷍  

      
                      
                      

 

)cc(E 2211 \\ �

2211 EcEc \\ � 
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M \Ô
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Principles of quantum mechanics

We are now going to put some order in our ideas and do theoretical physics.
During the years 1925 to 1927, quantum mechanics took shape and accumu-
lated successes. But three persons, and not the least, addressed the question
of its structure. In Zürich there was Erwin Schrödinger, in Göttingen David
Hilbert, and in Cambridge Paul Adrien Maurice Dirac.

Fig. 6.1. Schrödinger, Hilbert, and Dirac at the end of the 1920s. (All rights re-
served.)

Hilbert was 65; he was considered the greatest living mathematician since
the death of Poincaré. Schrödinger was 40. Dirac was a young 23-year-old
student in Cambridge, simply brilliant.

Their reflections, which we can follow, generated the general principles of
quantum mechanics. Here, we do the following.

• First we write a more concise and general formulation of what we have
done by using the formalism of Hilbert space and the notations due to
Dirac.
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90 6 Principles of quantum mechanics

At this point, we consider the results of Charles Hermite in 1860. In fact,
considering complex functions, Hermite defined an Hermitian scalar product
of two functions f and g by

⟨g|f⟩ =
∫

g∗(x)f(x) dx . (6.5)

This is linear in f and antilinear in g, and it possesses the Hermitian symmetry

⟨g|f⟩ = ⟨f |g⟩∗ . (6.6)

This allows us to define the norm ∥f∥ of the function f by

∥f∥2 =
∫

|f(x)|2 dx . (6.7)

Algebraically, it is exactly the same as in finite-dimensional spaces, as consid-
ered above. It is convergence, that is, topological properties, that is different.

Now, Hermite made a very remarkable discovery. Without being aware of
that, he studied the quantum harmonic oscillator eigenvalue problem

(x2 − d2

dx2 )ϕn(x) = εnϕn(x)

or
ĥϕn(x) = εnϕn(x) with ĥ = (x2 − d2

dx2 ) , (6.8)

and he found all the square integrable solutions {ϕn(x), εn},

ϕn(x) = γn ex2/2 dn

dxn

(
e−x2

)
, εn = 2n + 1 , n integer ≥ 0 . (6.9)

These functions are normalized to one (∥ϕn∥ = 1) if

γn = π−1/4 2−n/2 (n!)−1/2 . (6.10)

The Hermite functions ϕn(x) are orthonormal (i.e., orthogonal and normalized
to one) as one can check; they form a free orthonormal set.

But Hermite found a most remarkable property. All square integrable func-
tions can be expanded on the set of Hermite functions,

∀f ∈ L2(R) , f(x) =
∞∑

n=0

Cnϕn(x) , (6.11)

where the components Cn of f are

Cn = ⟨ϕn|f⟩ , (6.12)

because the ϕn(x) are orthogonal and normalized. In other words the Hermite
functions are a complete set, called a Hilbert basis of L2(R).
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dx2 ) , (6.8)

and he found all the square integrable solutions {ϕn(x), εn},

ϕn(x) = γn ex2/2 dn

dxn

(
e−x2

)
, εn = 2n + 1 , n integer ≥ 0 . (6.9)

These functions are normalized to one (∥ϕn∥ = 1) if

γn = π−1/4 2−n/2 (n!)−1/2 . (6.10)

The Hermite functions ϕn(x) are orthonormal (i.e., orthogonal and normalized
to one) as one can check; they form a free orthonormal set.

But Hermite found a most remarkable property. All square integrable func-
tions can be expanded on the set of Hermite functions,

∀f ∈ L2(R) , f(x) =
∞∑

n=0

Cnϕn(x) , (6.11)

where the components Cn of f are

Cn = ⟨ϕn|f⟩ , (6.12)

because the ϕn(x) are orthogonal and normalized. In other words the Hermite
functions are a complete set, called a Hilbert basis of L2(R).

 X��H�´İ���%¸Wı½İ��è�

rı½İ��ë�ļİ�f(x)kK³�ä-¨�ûY
f(x) , {Cn}



          ºöĬ��P   
�H�´Êİ�

Z +1

�1
|f(x)|2 dx < 1

L2(R)Ě.��{�P x 2 <

ÁÎi*kÄi
Ĳ{�P®�dV =$�ÁÎĲ{�	�

H

ı½İ�Ě.Hilbertë�5Ę®�



rı½İ��ë�ļİ�f(x)kK³�ä-¨�ûY
f(x) , {Cn}

  ���%“µÆ”ı½İ�ëļ��*ä-¨�S¯6ĸĝDļ

g(x) =
1X

n=0

Bn'n(x)f(x) =
1X

n=0

Cn'n(x)

f(x)*g(x)��´
(g, f) =

X
B⇤

nCn

||f ||2 =
X

|Cn|2 Bessel-ParsevalYe

�{�ĈË
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Dictionary

Dirac formalism Wave functions

|ϕ⟩ ϕ(r)

|ψ(t)⟩ ψ(r, t)

⟨ψ2|ψ1⟩
∫

ψ∗
2(r)ψ1(r) d3r

∥ψ∥2 = ⟨ψ|ψ⟩
∫

|ψ(r)|2 d3r

⟨ψ2|Â|ψ1⟩
∫

ψ∗
2(r)Âψ1(r) d3r

⟨a⟩ = ⟨ψ|Â|ψ⟩
∫

ψ∗(r)Âψ(r) d3r

Fig. 6.2. Dirac vs. wave functions dictionary.

the expression contracts in a “bracket”, that is, the number λ = ⟨u|v⟩. In
other words, the bra “eats” the ket and gives this number.
We encounter other examples of this contraction rule, which comes from
the tensor structure of quantum mechanics.

6. Hilbert basis. A Hilbert basis is a free, orthonormal and complete set of
vectors

{|n⟩} : ⟨n|m⟩ = δnm.

Any vector |ψ⟩ can be expanded on this basis as

|ψ⟩ =
∑

n

Cn|n⟩, with Cn = ⟨n|ψ⟩ . (6.22)

Cn is the component of |ψ⟩ along |n⟩. All Hilbert spaces possess Hilbert
bases.

6.2.2 Operators

Consider now linear operators, that is, linear mappings of the space onto itself.
We will keep the same notation Â as before:

|χ⟩ = Â|ψ⟩ , (ψ , χ) ∈ EH . (6.23)

1. We are interested in the following numbers, which are the scalar products
of (6.23) with some other vector:

⟨ψ2|χ1⟩ = ⟨ψ2|(Â|ψ1⟩) . (6.24)

One can show that this product is associative; that is, one can define the
action of Â in the dual space

�Yj¯Č�
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hn|mi = �nm
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X

n

Cn |ni

Cn = hn| i
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⇤
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1 2 1 2Â( ))\ � O\ \ � O\˄ ˈ

*
1

2
1 1 2 22 2 1

ˆ ˆA )ˆ ˆA )) )A A � O \ \ � O\ \ O \\ \\ �˄ ˈ ˄ ˈ˄ ˈ ˄ ˈ
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0)]Â)Â[ 12
*

21  � \\\\ ˈ˄ˈ˄

(1)� (2)
 

   㑞㬞㼁ブ⭤ 
 
 
 
 
 
  䇪䇻     㦂㦯䅃䐖᷍ⶤ㬞Ⱍ⧪㑃᷍䅓⪬㆗⭒         

    

 

*
1 2 2 1
ˆ ˆ[ A ) A ) ]O \ \ � \ \˄ ˈ ˄ ˈ
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),Â)Â 1212 \\\\ ˄ˈ˄  

21,\\ Â
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),Â)Â 1212 \\\\ ˄ˈ˄  

21,\\ Â
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Â



      ㏞1  㤔⺍⭡ㅨⰐ㑠䊻 z Ⳟ㼓⳷㑠⭥⡟䎘 
           䐖⼮⡟䎘⼐㭞Ǆ  

 
 

 
 
   䇱ㆃ      

 
          䇪䇻 

Z zL̂ ( ) l ( )\ I  \ I

!/il zAe)( I I\

)()2( I\ S�I\

Iw
w

� !iL̂Z



 

 

   ⭤ 
 
 
 
 

 

    ٢  㬣㬖㩰᷍㩰㭗㳖ミ⤃⤜㿉䄋᱄㸳㗨䐜 
  䄋㏜䇤⺍⭡ㅨⰐ㑠㰄ⴜ⭥ⰵ䄸⹹㻖᷍䐒ㅴ 

z
zl m2 l 2 mS

 S �  
!

!

m 0, 1, 2 r r �

I

S
 I\ im

m e
2
1)( !mlz  



 

  ㋪⭝⨗     㰄ⴜ⡟䎘䐖⭥㋪㦂䐖᷉ ⤯ボ㻑 
  㳃 4.14 ) 
 

   ٢  䄋㤔      㬨ⱓ㗸㰄ⴜ᷉⡄䐅⡟䎘䐖㸋 
  㬖㭞˅䐜㚽㵧⭤       
 

ZL̂

 

ZL̂

z

1 3 5, , ,
l 2 2 2

0, 1, 2, 3,

­r r r° ®
° r r r¯

�
!

�



 

         䄋㤔㬨ⱓ㗽㰄ⴜ᷉⡄䐅⡟䎘䐖㸋㬖㭞᷊᱄
㰚䄵᷍ⰵ㦯䅃ⱟ⷗⤉⼐㭞䇱 

³³ �� �
SSS

II\
M

I\I\I\I\
I

\
2

0

*
12

2

0

2

0

*
12

*
1 )()()()()( d

d
diid

d
di !!!

))0()0()2()2(( 2
*
12

*
1 \\S\S\ �� !i

³ ��
S

II\I\
I

2

0
2

*
1 )())(( d

d
di!

0))0()0()2()2(( 2
*
12

*
1  � \\S\S\



 

           㧈           㬨⡟䎘ㆃ᷍䋓䇱 
 
 

   ゕ 
 
         䎃⢎㘘᷍㑞⡟䎘䐖䐏⥏䔏㾂㉙ⰵ䐖㸋᱄ 
  㰚䄵᷍  

21,\\

m22)ll( z
1

z
2 S

S
r �

!

!mll zz r � )( 12

°̄

°
®
­

rrr

rrr 
�

�

! ,3,2,1,0

,
2
5,

2
3,

2
1

zl



 

     ㏞2   㤔㦧⹭Ⰹ䑂䓋䓴⭥㚽㑠⡟䎘䐖⼮⡟ 
         䎘⼐㭞᱄  
            㦧⹭Ⰹ䑂䓋䓴⭥㚽㑠⡟䎘Ⳟ⧭ 
                                

                               Ĥu Eu �
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