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Goal: Learn how to carry out a next-to-leading order QCD
calculation in which there are typically collinear and soft
singularities (in addition to ultraviolet singularity), needed
to be cancel to yield finite experimental observables.
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Parton Model

Ohh! —-W+X =

Oph —-W+X = ff’zqqfol dxldazg {¢f/h (5131) &ff’gbf’/h’ (:132) + (JCl — SL’Q)}

Partonic ”Born”
Cross Section of ff — W+

The probablility of finding a ”parton” f with

fraction x; of the hadron A momentum




Born Cross Section

~ 1 d3q 4 4 2
Gya = 2—5/ (27)" 6" (p1 +p2 —q) - | M|

(27)> 2q0
where 2
1 1 1 1 Nt
2 9,
MP=(33)(G3) =
\ ~ - spin 4>
color
average color and spin M’k_
< (¢
Oor, —iM=wo 1 —
[ (p2) \/57““2 (1 —5)u(p1)
" Cut-diagram” notation
92 -~ N sk
> = X
N | A
= AVAVARAVAY
AR
l\%%PL %’YNPL Pp=4(1—1s)
2 W
= (g_v;> Tr | pvuPr b2vwPi) - (—9" + %) - Tr Isxs
Doesn’t contribute for m, = 0, Color

due to Ward identity


CP
Pencil

CP
Pencil


Tr [ p1vuPr p2v"Pr] (—1)

=Tr [ p1v. D27 Pr] (—=1) PP, = P, = % (1—15)

= (=2)Tr [p1 p2PL] (—1) Yu b2 = =2 po

= (-2) 540 p2) (-1) Tr(pr f2) =4 (01 p2)

= 425 Tr (1 p2vs) =0
Tr[Izx3] =3 (§ = (p1+p2)° =¢° and p; =p3 = O)

:>>WM< = (%)2-(+2§)(3)=3gw§

d3
/2—;554 (p1+p2—q) = /d4q54 (1 +p2—q) 5T (¢ — M?)

= 5( 217

where M is the mass of W-boson.

Thus,

?:M2/§, §:x1x25 for
S=(P1+ P)” and P2=PZ=0



Factorization Theorem

2
O = Ti 1 derdes Sy (2, Q) Hiy (355 ) & (w2, @)

Nonperturbative, IRS, Calculable
but universal, in pQCD
hence, measurable

Procedure:

(1) Compute o1; in pQCD with k,l partons
(not A, k' hadron)
! 2 Q? 2
Okl = Z/o dwldafqui/k(CUlaQ )Hij —= | i/ <$2,Q )
0]
(2) Compute ¢/, ¢/ in PQCD
(3) Extract H;; in pQCD
HZ] IRS = HZ] indepent of k&,

= same H;; with (k — h,l — /)

(4) Use H;; in the above equation with Di/hs P /h



EXxtracting H;; in pQCD

e EXpansions in og:

H;; = nio (%)n Hg’)
Bigie (@) = 0,0 (1~ 2) + Z (%) ol
T

S)k) (s = 0 = Parton k * stays itself ")

e Conseguences:

(0) _ _(0)

— “Born” suppress "A" from now on

| 1 0) (1 1) (0
Hfz(j) = Oz'(j) — Uz'(l)Cbz(/])' + ¢§§/)i Ul(fj)

Computed from Computed from
Feynman diagrams the definition of
(process dependent ) perturbative parton

distribution function
( process independent,
scheme dependent)



Feynman Rules

e Quark Propagator

Take m=0in
our calculation
N P itm)se s
i j 5 e
(1,)=1,2,3)

e Gluon Propagator

T BT 1w 5

v,a 1L, b k2-+ie ab
(a,b=1,2...,8)

e Quark-W Vertex

1,
W, P2 () o 52285
JP Ju = smee , weak coupling
e Quark-Gluon Vertex
1,
C, |
G —1g (tC)jz’ (’Yu)ga
7,8 .
t. is the SU(N)nxn generator
e Quark Color Generators
[taa tb] = ifabctc
N?2—-1 4
t2=Crl Cp = =—, (N=3
Z c FAINXN r SN 3 ( )
C

Tr(ztg) = NCp



Feynman Diagrams

Born level al®) (a9") Born

2

NLO: (agl)) virtual corrections (gq’)yirt

>m + E>Ww + %M + %M
NLO: (oY) real emission diagrams (90 real

e ]

NLO: (a§1>) real emission diagrams (¢G),ca

% + ;}—{
NLO:  (afY)  real emission diagrams (G¢'),ea;

>

2




In " Cut-diagram’” notation

(qa)Born
(qa)m’”rt J

2 X Re >m w@+;>«m wé+;>m Mé
(@@t / /

(qG)freajl / / /
B
&° S

(G?)real
Same as (¢G),., after replacing q by ¢'.




Feynman rules for cut-diagrams

quark line
=D
P (2m)8t (p* — m?)( p + m)padi
, / 8(p* —m?)0(po)
gluon line

V;mﬂ%%m b (27)0* (K) (= Gy )0
, 1,

W-boson line

W (2m)0*(q* — M?)(— g + §)
v i

Doesn’t contribute for m; = 0
because of Ward identity

i(p+m) —i(p4m)

2_m2tie 2_m2—ie
p




Immediate problems (Singularities)

e Ultraviolet singularity

(V) o0

4 Kk
‘| [ G e
e Infrared singularities
(IR) 2
O -
7

as k" — 0 (soft divergence)
or k* || p# (collinear divergence)

1 1
(p—k:)2—m2:—2p-k: (for m =0 or m # 0)
p-k— 0 as

k— 0 or kM| pt* (for m =0)
k — O (for m # 0)

(Similar singularities also exist in virtual diagrams.)

e Solutions
Compute H;; in pQCD in n = 4 — 2¢ dimensions
(dimensional regularization)

(1) n #4 = UV & IR divergences appear as % poles
in az.(];) (Feynman diagram calculation)

(2) Hy; is IR safe = no 1 in H;;
(H;; is UV safe after " renormalization”.)

1



Dimensional Reqularization
(Revisit the Born Cross Section in n dimensions)

n—1 —_—
~0) _ 1 d""q 5 \n . gn N
79 = 55 | amyiag G0 it =) T

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

Using the Naive-~° prescription:

Tr [ p1vuPr p2v"Pr] (—1)
=Tr [ p1vu 27" Pr] (—1) Yu 2y = —2(1—¢) p2
=(=2)(1—e)Tr[p1 p2PL] (—1)
=(-2)(1-) 5 4G ) (-1)
—=2(1—¢)3

In n dimensions

O = 1559w (1l—¢e)-0(1l—7)=0 o(1—7)



Strong Coupling g in n dimensions

e In n dimensions
/dnazﬁ
_ 1 _
— [@a{Fi 96— GG + gt G+ -+ |
The dimension in mass unit (u)

(Y] ~ 2
(G] ~p 2

— 7 n—1 n—2 3n
[¢G¢ ~p 2 P = 52

Since [g@ZGw] ~ u™ | SO

[g]f\“,u%n_|_2 n—=4—2¢

p— ILL€
— g has a dimension in mass when € = 0

— Feynman rules should read g — gu®



Calculations

e TooOIs needed for a NLO calculation
are collected in Appendices A-D

e T he detailed calculation for each
subprocess can be found in Appendices E

e INn the following, I shall summarize
the result for each subprocess



Virtual Corrections (qgq) ;¢
(in Feynman Gauge )

—and poles cancel when ey = —ejp = ¢

€IR

Euv

— cancel = Electroweak coupling is not

renormalized by QCD interactions

at one-loop order

(Ward identity,

a renormalizable theory)
— poles remain

IR

™

(1)

o, 1S free of ultraviolent singularity.

(1)_ (0)&5(1_71) 47r,u2 c F(1—¢)
virt = 27 M2 ) T (1—2¢)

.{_2_§_8+_2}.(CF)

g2 ¢

. soft and collinear singularities

oW m|[\)

soft or collinear singularities
Cr: color factor

J(O) = 175Agw (1 o 8)



Real Emission Contribution (¢@’),.,;

—~~— = (Collinear
g

~ 52 Soft and Collinear

Q

2 g
(D) () = @ (A7) T —¢)
O real (QQ) =0 o ( M?2 r(]_ _ 25) F

f2 . 2 147 5 In(l—?)) S
{525(1 ™) 5(1_?)++4(1+7)( 1-7 /4 TE T

Note: [---], is a distribution,

1 1
dz f(2) |— = [ LB =T ieh s finite.
JO 1 — Z2 0

1 —=2
e In the soft limit, 7 — 1 (7= M{),

s (4mp2\ T (1 -
o (o) — o0z (4) T2k o

_|_

o \ M2 | (1-—2¢)

J2 - 4 1 In(1—7)
{525(1 ) 5(1—$)++8< 17 )+}




(qa/)m'frt T (q@’) real at NLO

( ) — O—q(nr)t (qq/) + rea)l (qq)

_ ~2 =2 _ =
{ 2(1+TA> B e s T+4(1+A2)(M>
€ 1—-7 4 1—-7 1-7 +

(2 )sa-n)

Where we have used

2 1472 —2 (1472
- [(1—T>++ 5“‘”] : <1—%>+

All the soft singularities (%,1) cancel in 0(1)

= K LN theorem
(Kinoshita-Lee-Navenberg)

1
é;) ~ o (term) + finite (terms)
1



Factorization Theorem

e Perturbative PDF
%gbf/lk) can be calculated from the definition of PDF.

(Process independent,but factorization scheme dependent)

(1)

(2)

= Hlp = Bl - (o + g

Finite Divergent



Perturbative PDF

e In M S-scheme (modified minimal subtraction)

—11

((J}; (2) = qbq/q (2) = ) (47T€_7E> P(l —q (%)
—11

é};( ) = ¢Q/9 (2) = ) (4776_%) P(l g (2)

p
NS

where the splitting kernel for ‘-’\z‘p is

2
P(lq(z)—CF<1+Z )
_I_

1 —2
1
:C< + 2 + 5(1—2))
(1—2)4
&7
and for ¢gggq IS

P(lg(z)_TR< 2+(1_Z)2)7

where Cp = 5 and Tk = 3.

Note: The Pole part in the MS scheme is

é— 1(47‘(‘6 'VE)g— 1 + In4n — ~g

In the MS scheme, the pole part ISJUSt



Find H(l) (in the M S scheme)

e Take off the factor (%)

M? 1
q7 112 - i

-7 72
—11+ In T+2(1+’7’2) (%)4—4— (;—4)6(1—?)]}

+CFr

1) /=~y — (1) (1) _(0)
Hqé’ (7) = 97 — [2¢q‘_qaqq }

=5 {P(lq( )In (AZ—;)

1472 In(1 -7 2
+CF |- +t|n?—|—2(1—|—72) (”(—f)) +(Z —a)sa-7
1-—7 1-—7 + 3
where
. M? M? A
TT 3 ::C1$2,S’a o =50 (1-9),
2
1

1257 = 108 z1ms
pQCD prediction

Ohh = { Z /d:z:ldxgqbf/h (331 L ) [ (0)5(1 7_)} i (:1:2, 2)

f=a,q

7

+ Y [ ) 200 5 (e
1 -’I?Q(bf/h L1, K ) Hff (T)| 7w (m’“ )

f=a,q |

(o7 2
+ Z /dﬂfld-’w(bf/h T1, p ) #H(l)( )] PG/ (372: )+ (21 <—>932)}

f=a,q |



Find H'7 (in the MS scheme)

e Take off the factor (O‘S)

T

1 —1r(1- M?2(1—7)?
O-(é) — 50, P(lg( ) ( £) In ( AT)
q 4 e '(1-—2¢) AT

1 7
+5+37 - 5#}

1 1 0) (1
H()()_a() [;q)cb() ]

q—G
5'(0) (1) R M2 (1—’/’)
= 5 {Pq<—g( ) [In (?) —l— In ( =
1 3. 7.,
taty i)

e Similarly,

HE = 6 — [6D 0]

Note: If we choose the renormalization scale p? = M?,
then In (H ) =0



*

CDF and DO would like to use
their W and Z cross sections
for luminosity determination

DO cross sections close to
center of PDF prediction
ellipse; not the case with CDF

o, [nb]

W and Z production

MSU study
N
8.0 _— —_
- PDF uncertainty 1
[ ellipse (T=10) | PP ]
75— —
i S N ]
|
i | ]
L | | i
70— o | —
L ~i 77 —>»CDF rescaled
i to DO lum ]
6.5 NARya definition —
o —» DO ]
6.0 -
-I 1 1 1 |I 1 | I| 1 1 1 | 1 1 1 1 | 1 I-
20 22 24 26
oy [nb]

J. Pumplin, D. Stump, R. Brock, D. Casey, J. Huston,

J. Kalk, H.L. Lai, W.K. Tung: hep-ph/0101051



Summary

e ¢z, p?) depends on scheme (MS,DIS,...)

= H;; scheme dependent

e FEvolution equations allow us to perdict

¢°—dependent of ¢(z, ¢?)

e Essentially identical procedure for
hh! — jets, inclusive QQ,...
But, when the Born level process involves
strong interaction (eg. qg — tt),
it is also necessary to renormalize the
strong coupling oy, etc, to eliminate

ultraviolate singularities



Appendix A
v-matrices in n dimensions

e Dirac algebra

{2 =" A =29

N’7V:1’27”'7n gl“/:diag(l)_la"'a_l)
glﬁvgwj —n
"}, =0 (Naive-~®prescription)

This works in calculating the inclusive rate of W-boson ,
but fails in the differential distributions of the leptons
from the W-boson decay.

e Matrix identities

n—=4— 2¢
Y dY=—-2(1—¢) d
Yo APV = 4a-b—2ed p
Yy P =-2¢pd+2ed p¢

e Jraces

Trd bl =4 (a-0b)
Trid b ¢ Al =4{(a-b)(c-d)—(a-c)(b-d)+ (a-d)(b-c)}
Trlys & p] =0



Appendix B
Some integrals and " special functions”

e [ he " Gamma function”

M(z) = / dez*le™ (Re(z) > 0)
0
r(2)

z—1

Mrz—1) = (for all z)

]

= Poles in (z)

rm=m-n r(3)=va

2
1 € 2
r(e) :2_%4_5 (’Yg‘l‘g) 4
(v = 0.5772---, Euler constant)

1 w2
r(l_s):_sr(s):1+57E+§€2 (E-I—%?) +O(53)
2
r(1—s)r(1+s)=1+52%+0(s4)
Zezelnzszeelnzz]_—|—g|nz_|_...

e [ he " Beta function”

M () (B)
M (a+p)

1 0.@)
B (. 8) = / dyy*t (1—y)'7 ' = / dy >t (14y) "
0 0

B(a,p) =

= 2/ do (sin9)?* ' (cos@)*’!
0



e Feynman trick

1 1 1
—=/ dx 5
ab 0 [ax + b (1 — x)]
1 (a+p) 1d 201 (1 — )" !

ab® T ()T (B Jo " laz+b(1— )T

e n-dimension integrals
/d”l Z =0
(12— M2)"
()
n l,ul’/ _ n n
/d l(lQ_M2>a—/d l(lQ_Mz)a
mn
/ d"l 1 =D r(a-3) 1\* 2
@m)" (12— M2)" ~ "(am)"2 T (a) \M2

S O e VoS T
/dl(lQ_Mz)a_/dl CESTER

2
Re[(-1)]=1— 62% +0 (Y

T
(1€


CP
Pencil

CP
Pencil

CP
Pencil

CP
Pencil


e "plus distribution” — to isolate L poles
g

Consider

(1 _Z)1+25
1 ! dz’' 1
— (1_2)1+2€— 5(1—2) : (1_2/)1+25+266(1_2)
N\ /
cancel
! dz' ~1
because / = — fore — 0"
o (1 _Z/)1—|—2€ e
1 1
- ——0(1—-2)
142
[(1 —z) T, 2e
1 In(1 —2) 5 1
= — 2¢ —|—O(6)——5(1—z)
(1 _Z)—|— l—=2 + ¢
1
because W p— (1 — Z)_Qg
— Z

e [--]4 is a distribution

1 1
/o dz f(2) ll——z N

_ 1 f(z)_ 1 ] . . 1 dz'
_/ dz /Od F@8-2) | G

0 1 — Z
1
—£(1
gd G =T ) hich s finite.
0 1 — Z



Appendix C
Angular integrals in n dimensions

e In n dimensions

/ d"r = / r"1d, 1

T T T 21
/ 2, = / db,_15iN"" 10, 1 / dby_oSiN""26,_o--- / df1 sin 61 / do

0 0 0 0
21
=>/d§21:/ d¢ — Q1 =27
0

dQQZ/ d@lsin91/dQl — Q2 = 47
0

/ A, = / dé,_1sin" 160, 1 / A, 1
0

_ongEr (%)

= Q, = from repeated use of B («, 3)
r(n)

nt1l n—1 n n+1
=27 because F(n):2 (5) T (%)

(=)

I\)‘—|—



Appendix D
Two-particle phase space in n dimensions

o
dn—lE dn—lq’ .
[ awag= [ @) (p—q— k)
PS,(p) (2m)" " 2ko (2m)" " 290
with kt = (koE) etc.
n—l(j
Use = /dnq5+(q2 —Q@7%), we get
2qo
°
1 dn-1k
dk dqg = — / ot ((p— k)% — Q2
/PSz(p) (2m)" § 2ko ( )
1 dk k"3
_ A2, 26 (5— 2k\/5 — 2)
(27)" 2 / 2 / ° “
(p2;§,k2:o,k: E)
Use n = 4 — 2¢ , then in the c.m. frame (p“ = (\/5, 5)) ,
o

Qn— dk k.l—2€ ™ 3 _ N2
/ dk dg = 2(13_)/ _ do (sin@)1~2=.5 (k— i 62 )
PS(p) (2m)=tt—e 45 Jo 23
Use new variables:

5 ~
:QT,y:%(1—|—COSH):>k=§(1—Z)>

<
S

1 (4m\" (1 —2)"* /1 —€
dk dg = P
»/PSQ(p) 9 ST <Q2> r (1 . 6) 0 Yy [y ( y)]




Appendix E
Explicit Calculations

K

Consider —>
Ty

— —

P pk

d"k Y Co— K) "
(2m)" (k2 4 ie) ((p — k) + ie)

d"k (2—n) (p— K) _
(2m)" / [k2 — 2k - zp]° (1= k= op)
_/ d"l / (2-n) [ —=z) p— /]
(2m)" [12 4+ i€]”
[(1 B §> 4 R (del)”[zzjie]i
!

—0 Because there is
o NoO mass scale
1

Due to cancellat|on
of L+ and L

[Sate €IR

Trickc A= A—-B+ B

_ [ an [1 1 ]+[ 1 ]
S et L) (2-A2)%] 0 (12 - A2)?)

IR div. UV div.

- 2 + ! 4—-n=2
167 €IR 1lom \epyy n = zeyv




® consider the real emission process

Define the Mandelstam variables

S=(p1+p2)°= 2p1-po
T 2

t = (p1 —p3)° = —2p1-p3
i = (po—p3)® = —2p> - p3

After averaging over colors and spins

P = (57 3) (5-5) T - @)’

A 2(1—¢)2 3 8
Spin Color
95 -2(1—¢)
s T\ 2aM-?
oo
(4 S ts

Note: The d.o.f. of gluon polarization is 2 (1 — ¢),
and that of quark polarization is 2.



In the parton c.m. frame, the constituent cross section

1
&= —|M|* (PS>)
2s

i-{ll 922 g2

55 \a g 9K g (1 —¢)-
s t 2aM?
a-o(-5-5) Tl
1 (4r\° 1 . Lo 1 _
-{8W(M2) T =D [ayly- ) }

where y =3 L (1 4+ cosh)

e

M? 2
Using f=—§(1—7) (1—1v) /

S

and
' r(14+a)r(145)
dyy® (1 —y)’ = ,
/0 yy* (1 —y) F2t ot )
we get
_ A(O)OCS (1) —1 r(l—g) M2(1—$)2
O¢G =0 A {2pq<—g( )[6 M (1 - 2¢) +1In A7
+ +T—g$2}
with
1, .
Pq(i)g (7) _5[’7'2—|—(1—’7')2]
5@ = T 21
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