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214 11. Initial Description of Atoms
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Fig. 11.2. Energy levels of the external electron of sodium (left) and energy levels
of hydrogen (right)

the sharp series h̄ω = En,ℓ=0 − E3,1 ,

the principal series h̄ω = En,ℓ=1 − E3,0 ,

the diffuse series h̄ω = En,ℓ=2 − E3,1 ,

the fundamentalseries h̄ω = En,ℓ=3 − E3,2 .

Each of these four series corresponds to transitions from a state of given
ℓ (and various values of n) to a well defined state. Consequently, tradition
associates each value of ℓ with the initial letter of the corresponding series
(spectroscopic notation):

Symbolic letter: s p d f g h
Corresponding value of ℓ : 0 1 2 3 4 5 .

A state of well defined energy is then noted by a number (the value of n)
followed by a letter (corresponding to the value of ℓ):

n = 1, ℓ = 0 : state 1s ; n = 3, ℓ = 2 : state 3d .
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第 章 中⼼势场

我们现在将⼀维量⼦问题推⼴到三维。我们⾸先讨论⼀般性的三维中⼼势场，之

后研究氢原⼦等真实物理体系。

中⼼势场

中⼼势场（V (r⃗) = V (r)）具有空间旋转对称性，导致哈密顿算符 Ĥ 不含有空间

⽅位⾓度信息，从⽽有
[
Ĥ , ˆ⃗L

]
= 0,

即轨道⾓动量是守恒量。因为 z 轴⽅位的选取并不改变物理观测量，表现为哈密顿算

符不包含 L̂z，此时物理体系能量存在简并，简并度为 2ℓ+ 1（−ℓ ≤m ≤ ℓ）。
由于对称性的关系，在球坐标中处理中⼼势场的问题更加便利，

(x,y,z) −→ (r sinθ cosφ, r sinθ sinφ, r cosθ).

我们采⽤对称⽅案来定义如下的径向动量算符：

p̂r =
1
2

(
r⃗
r
· p⃗+ p⃗ · r⃗

r

)
= −i h̄

(
%
%r

+
1
r

)
,

⽽且满⾜下⾯的对易关系 [r, p̂r ] = i h̄，p̂r 中的最后⼀项 1/r 保证了 p̂r 是厄⽶算符。

因为

p̂2r = −h̄2
(
%
%r

+
1
r

)(
%
%r

+
1
r

)
= −h̄2

(
%2

%r2
+
%
%r

1
r
+

1
r
%
%r

+
1
r2

)
,

并且

%
%r

1
r
= − 1

r2
+

1
r
%
%r

,

所以

p̂2r = −h̄2
(
%2

%r2
+

2
r
%
%r

)
,

所以哈密顿算符可以写作如下形式：

Ĥ =
p̂2r
2µ

+
ˆ⃗L2

2µr2
+V (r).
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第 章 中⼼势场

中⼼势场的⼀般性质

如果 P̂r 是厄⽶算符，那么必然有

0 =
〈
ψ
∣∣∣p̂r

∣∣∣ψ
〉
−
〈
ψ
∣∣∣p̂r

∣∣∣ψ
〉∗
=

〈
ψ

∣∣∣p̂rψ
〉− 〈p̂rψ

∣∣∣ψ
〉

=

∫
ψ∗ (p̂rψ)d

3r −
∫

(p̂rψ)
∗ψd3r

= (−i h̄)
∫
ψ∗

(
"ψ
"r

+
ψ
r

)
r2drd cosθdφ − (+i h̄)

∫ (
"ψ∗

"r
+
ψ∗

r

)
ψr2drd cosθdφ

径向和⾓度⽆关，所以我们可以将对⾓度积分和径向分离变量，只关⼼径向部分的波

函数（R(r)），可得

0 =

∫
R∗(r)

"R
"r

r2dr +
∫

R∗(r)R(r)rdr +
∫
"R∗(r)
"r

R(r)r2dr +
∫

R∗(r)R(r)rdr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +
∫
"R∗(r)
"r

R(r)r2dr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0
−
∫

R∗(r)
"r2R(r)
"r

dr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0

−
∫

R∗(r)
"R
"r

r2dr − 2
∫

R∗(r)R(r)rdr

= R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0
=

∣∣∣∣rR(r)
∣∣∣∣
r=∞
−
∣∣∣∣rR(r)

∣∣∣∣
r=0

= −
∣∣∣∣rR(r)

∣∣∣∣
r=0

球⽅势阱

两体相互作⽤

物理学描述各种物体之间相互作⽤规律的⼀门科学。与某个物体的具体属性相

⽐，我们更加关⼼的是相互作⽤形式，因为相互作⽤才是各种物体之间共有的性质。

迄今为⽌，我们在⾃然界中已经发现存在四种基本相互作⽤：引⼒、电磁相互作⽤、

弱相互作⽤和强相互作⽤；当然这些基本相互作⽤在不同能量标度上表现为其他的有

效形式。在前⾯课程中我们讨论了各种势场中的⼀维量⼦问题。这些势场都来源于物

体之间的相互作⽤，下⾯我们研究⼀下量⼦世界中的最简单的相互作⽤——两体之间

的相互作⽤。

⾸先需要了解的是如何描述两体之间的相互作⽤。经典物理中我们通常将两体问

题分解为整体运动和两个物体之间的相对运动。量⼦⼒学中所有物理量都是⽤算符表

⽰，我们是否还可以像经典物理⼀样处理两体问题哪？

曹
庆
宏

讲
义
草
稿

请
勿
传
播

第 章 中⼼势场

中⼼势场的⼀般性质

如果 P̂r 是厄⽶算符，那么必然有

0 =
〈
ψ
∣∣∣p̂r

∣∣∣ψ
〉
−
〈
ψ
∣∣∣p̂r

∣∣∣ψ
〉∗
=

〈
ψ

∣∣∣p̂rψ
〉− 〈p̂rψ

∣∣∣ψ
〉

=

∫
ψ∗ (p̂rψ)d

3r −
∫

(p̂rψ)
∗ψd3r

= (−i h̄)
∫
ψ∗

(
"ψ
"r

+
ψ
r

)
r2drd cosθdφ − (+i h̄)

∫ (
"ψ∗

"r
+
ψ∗

r

)
ψr2drd cosθdφ

径向和⾓度⽆关，所以我们可以将对⾓度积分和径向分离变量，只关⼼径向部分的波

函数（R(r)），可得

0 =

∫
R∗(r)

"R
"r

r2dr +
∫

R∗(r)R(r)rdr +
∫
"R∗(r)
"r

R(r)r2dr +
∫

R∗(r)R(r)rdr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +
∫
"R∗(r)
"r

R(r)r2dr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0
−
∫

R∗(r)
"r2R(r)
"r

dr

=

∫
R∗(r)

"R
"r

r2dr + 2
∫

R∗(r)R(r)rdr +R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0

−
∫

R∗(r)
"R
"r

r2dr − 2
∫

R∗(r)R(r)rdr

= R∗(r)R(r)r2
∣∣∣∣∣∣

∞

0
=

∣∣∣∣rR(r)
∣∣∣∣
r=∞
−
∣∣∣∣rR(r)

∣∣∣∣
r=0

= −
∣∣∣∣rR(r)

∣∣∣∣
r=0

球⽅势阱

两体相互作⽤

物理学描述各种物体之间相互作⽤规律的⼀门科学。与某个物体的具体属性相

⽐，我们更加关⼼的是相互作⽤形式，因为相互作⽤才是各种物体之间共有的性质。

迄今为⽌，我们在⾃然界中已经发现存在四种基本相互作⽤：引⼒、电磁相互作⽤、

弱相互作⽤和强相互作⽤；当然这些基本相互作⽤在不同能量标度上表现为其他的有

效形式。在前⾯课程中我们讨论了各种势场中的⼀维量⼦问题。这些势场都来源于物

体之间的相互作⽤，下⾯我们研究⼀下量⼦世界中的最简单的相互作⽤——两体之间

的相互作⽤。

⾸先需要了解的是如何描述两体之间的相互作⽤。经典物理中我们通常将两体问

题分解为整体运动和两个物体之间的相对运动。量⼦⼒学中所有物理量都是⽤算符表

⽰，我们是否还可以像经典物理⼀样处理两体问题哪？



r=0

Yes

No





`

Orbital Angular Momentum in Three Dimensions 
Michael Fowler  11/05/07 

The Angular Momentum Operators in Spherical Polar Coordinates 
The angular momentum operator L r p i r= × = − ×∇

G GG G G= . 
 

In spherical polar coordinates, 

2 2 2 2 2 2

sin cos
sin sin
cos

sin

x r
y r
z r

ds dr r d r d 2

θ φ
θ φ
θ

θ θ φ

=
=
=

= + +

 

  
the gradient operator is  

1 1ˆ ˆˆ
sin

r
r r r

θ φ
θ θ φ

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

G
 

where now the little hats denote unit vectors: is radially outwards, r̂ θ̂  points along a line of 
longitude away from the north pole (and therefore in the direction of increasing θ  ) and φ̂  points 
along a line of latitude in an anticlockwise direction as seen looking down on the north pole (that 
is, in the direction of increasing φ ). 

 

r̂G : perpendicular to surface 

ϕ̂G : along line of latitude 

θ̂
G

: along line of longitude 

Top View: 

Pole (z-axis) 

θ̂
G

: along line of longitude 

ϕ̂G : along line of latitude 

The three unit vectors in the spherical polar system 
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第 章 中⼼势场

此时两体问题的定态薛定谔⽅程化为

Eψ = − h̄2

2(me +mN )
∇2
X⃗

︸!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!︸
氢原⼦⾃由运动 ĤX

ψ − h̄
2

2µ
∇2r⃗ψ −

Ze2

4πϵ0r
ψ

︸!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!︸
电⼦和原⼦核的相对运动 Ĥr⃗

.

波函数可以分解为氢原⼦整体运动部分（X⃗）和电⼦与原⼦核的相对运动部分（r⃗）

ψ(x⃗e, x⃗N ) = K(X⃗)ψr⃗(r⃗),

代⼊到两体问题的定态薛定谔⽅程中可得如下两个薛定谔⽅程

− h̄2

2(me +mN )
∇2
X⃗
K(x⃗) = EkK(X⃗),

− h̄
2

2µ
∇2r⃗ψr⃗ −

Ze2

4πϵ0r
ψr⃗ = Er⃗ψr⃗ ,

其中第 个⽅程就是我们前⾯讨论过的中⼼势场问题。两体问题的总能量为质⼼系统

的动能（Ek）和内能（Er⃗）之和：

Etotal = Ek + Er⃗ .

注意：内能依赖于两个粒⼦的约化质量 µ。以氢原⼦为例，

µ =
memN

me +mN
=me

mN

mN +me
≈me

(
1− me

mN
+ · · ·

)
.

另外⼀个例⼦是氢核和氘核（ ）：

氢核 : mp = 1836me =⇒ µpe = 0.99945me

氘核 : md = 3670me =⇒ µpe = 0.99973me.

如此⼩的约化质量差异已经可以通过光谱线实验来观测。在天⽂学是哪个，⼈们通过

观测氢原⼦和氘原⼦光谱线之间的相对强度来判断星际介质中氢原⼦和氘原⼦的相

对残留丰度。此信息有助于⼈们了解在宇宙演化早期时形成氘原⼦的条件。

氢原⼦

将氢原⼦波函数记作为

ψ(r,θ,φ) =
u(r)
r

Ym
ℓ (θ,φ),

则氢原⼦中电⼦的定态薛定谔⽅程为

d2

dr2
u(r)− ℓ(ℓ+ 1)

r2
u(r) +

2µE

h̄2
u(r) +

2µe2Z

4πϵh̄2
1
u
(r) = 0.

 (~xe, ~xN ) = K( ~X) ~r(~r)

� ~2
2(me +mN )

r2
~X
K(~x) = EkK( ~X),

� ~2
2µ

r2
~r ~r �

Ze

2

4⇡✏0r
 ~r = E~r ~r

E
total

= Ek + E~r
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1l =  has states with m = 1, m = 0 and m = −1, and l = 0 has the one state m = 0.  (For the 
moment, we are not counting the extra factor of 2 from the two possible spin orientations of the 
electron.) 
 
For n = 3, there are 9 states altogether: l = 0 gives one, l = 1 gives 3 and l = 2 gives 5 different m 
values.  In fact, for principal quantum number n there are n2 degenerate states.  (n2 being the sum 
of the first n odd integers.)  
 
The states can be mapped out, energy vertically, angular momentum horizontally:   
 

E = 0 
E = −1/16 
E = −1/9 

E = −1 

E = −1/4 

l = 0  

 
The energy   the levels are labeled nl,  n being the principal quantum number and the 
traditional notation for angular momentum l is given at the bottom of the diagram. The two red 
vertical arrows are the first two transitions in the spectroscopic Balmer series, four lines of which 
gave Bohr the clue that led to his model.  The corresponding series of transitions to the 1s ground 
state are in the ultraviolet, they are called the Lyman series. 

21/ ,E = − n

Wave Functions for some Low-n States 

From now on, we label the wave functions with the quantum numbers, ( ), ,nlm rψ θ φ , so the 

ground state is the spherically symmetric ( )100 rψ .  
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Figure 17.5. The classical (dashed) and quantum
(solid) probability distributions for the radial
coordinate; PCL(r) and PQM(r) versus r/a0 are
shown for the same (n, l) values, and over the same
range, as in Fig. 17.4.
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Figure 17.6. Precessing elliptical orbits in a
non-1/r2 force field and the corresponding behavior
of the Runge–Lenz vector. Runge–Lenz vector

Many attractive potentials admit approximately elliptical orbits, but the
inverse square force law is known to be special in that the orientation of the
ellipse (as measured, say, by the direction of the semimajor axis) stays fixed with
time; that is, the ellipse does not precess, as shown in Fig. 17.6. This is related to
the fact that while for any central potential the angular momentum vector L is
conserved, there is an additional conserved vector, unique to the 1/r potential.
This quantity is called the Lenz–Runge vector and can be written (classically) as

R = r
r

−
(

1

mKe2

)

p × L (17.55)

It can be shown (P17.17) that classically

• The vector R points along the semimajor axis of the ellipse, as in Fig. 17.7,

• It is fixed in time (i.e. conserved), and

1

r2

~R =
~r

r
�

~P ⇥ ~L
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Figure 17.7. Relationship of the Runge–Lenz and
angular momentum vectors for a classical orbit in a
1/r potential. Focus

L = r x p

r

R

p

• It has magnitude equal to the eccentricity, that is

R2 = 1 − 2L2|E|
µ(Ke2)2 (17.56)

This last relation implies an extra degeneracy in the problem due to this simple
relation between three conserved quantities. Even relatively small deviations
from the 1/r2 force law of classical gravity, as due, for example, to the corrections
from general relativity,ÉÉ will “break the symmetry,” allow R to vary in time, and
cause a precession of the elliptical orbit; for example, the precession of the orbit
of Mercury is due to non-1/r2 effects arising from corrections to the Newtonian
potential given by general relativity.

The corresponding quantum vector operator, given by appropriately replacing
p and L by their operator counterparts, is,

R̂ = r
r

−
(

1

2mKe2

)

[

p̂ × L̂ − L̂ × p̂
]

(17.57)

which can be shown (P17.18) to commute with the Hamiltonian and therefore
to be conserved in the quantum version of the Kepler problem. (Note the “anti-
symmetrized” quantum version of the classical expression involving the vector
cross-product.)

This has profound consequences as the remarkable simplicity of the hydrogen
atom energy spectrum is, in part, due to this additional conserved quantity. The
conservation of angular momentum only guarantees that the energy eigenvalues
of all of the 2l + 1 different m values for a given value of l will be degenerate in
any purely central potential. The conservation of R can be shown to imply that
the states with l = 0, 1, . . . , n − 1 for a given value of the principal quantum
number n will also be degenerate; this gives the total of

n−1
∑

l=0

(2l + 1) = n2 (17.58)

ÉÉ See Marion and Thornton (2004).
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Other States. Figure 11.5 represents the radial probability density Pn,ℓ(r) =
r2 |Rn,ℓ(r)|2 for various states n, ℓ. We note the reduction of the number of
nodes of the radial wave function as ℓ increases for a given n. For a level n, l,
the function Pn,ℓ(r) has n′ = n − ℓ − 1 zeros, where n′ is the degree of the
corresponding Laguerre polynomial. In particular, for ℓ = n − 1, we remark
that P (r) has a single maximum, located at a distance r = n2a1 (see (11.24)).

Figure 11.6 represents some spatial probability densities |ψn,ℓ,m(r)|2 in
the plane y = 0 (these are axially symmetric functions around the z axis). For
large quantum numbers n ≫ 1, we notice that one gets closer to “classical”
situations, corresponding to a well-localized particle.

!"= 0

0 10 20 30 400 10 20 30 400 10 20

n = 2 n = 3 n = 4

r / a1

!"= 1

!"= 0

!"= 1

!"= 2

!"= 0

!"= 1
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!"= 3

Fig. 11.5. Radial probability density r2 |Rn,ℓ(r)|2 of the states n = 2, 3, 4 of hy-
drogen

11.3.5 Dimensions and Orders of Magnitude

Consider a hydrogen atom prepared in a stationary state |n, ℓ, m⟩. Using
the virial theorem (Chap. 7, exercise 7.9), one can show that the classical
relation between the kinetic energy and the potential energy still holds for
the expectation values of these quantities:

E(kin)
n =

〈
p2

2me

〉

= −En =
EI

n2
(11.25)

E(pot)
n =

〈
−e2

r

〉

= 2En = −2EI

n2
hence

〈
1
r

〉

=
1

n2a1
. (11.26)

Using the properties of the Laguerre polynomials, one finds that the mean
radius has the following variation with n and ℓ:

⟨r⟩ =
a1

2
[

3n2 − ℓ(ℓ + 1))
]

. (11.27)

nr  
( )

nr = n� `� 1

n=3
` ! 0

|rR(r)2|



V (r) = �Ke2

r

17.2 THE CLASSICAL LIMIT OF THE QUANTUM KEPLER PROBLEM 507

namely

ψ(r , θ , φ) =
∞
∑

n=1

n−1
∑

l=0

+l
∑

m=−l

an,l ,m Rn,l(r) Yl ,m(θ , φ) (17.35)

as well as satisfying

⟨ψn,l ,m|ψn′,l ′,m′ ⟩ =
(∫ ∞

0
r2 R∗

n,l(r) Rn′,l ′(r) dr
)(∫

d$ Y ∗
l ,m(θ , φ)Yl ′,m′(θ , φ)

)

= δn,n′ δl ,l ′ δm,m′ (17.36)

17.2 The Classical Limit of the Quantum Kepler
Problem

The motion of a particle under the influence of an inverse square force law is
one of the best studied of all classical mechanics problems.Ì We briefly review
here some aspects of the solutions in the context of the hydrogen atom problem,
using V (r) = −Ke2/r ; the scaling with Z for ions is easily obtained.

The trajectories for bound state motion (i.e. for E < 0) consist of elliptical
paths as in Fig. 17.3 with the center-of-mass at one focus (labeled F); circular
orbits are a special case. (The case of unbound motion where E > 0, which is
of relevance to scattering problems, gives rise to hyperbolic orbits which can be
studied in a similar fashion.) The semimajor and semiminor axes, a and b, are
given in terms of the energy and angular momentum via

|E| = Ke2

2a
= L2

2µb2 (17.37)

Figure 17.3. Definition of parameters for elliptical orbits.

b

F

a

e a

rmax rmin

Ì For a concise treatment, see Barger and Olsson (1995).
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where µ is the reduced mass. They are also related by

b = a
√

1 − ϵ2 or ϵ2 = 1 − b2

a2 = 1 − 2L2|E|
µ(Ke2)2 (17.38)

where ϵ is the eccentricity of the elliptical orbit; ϵ = 0 corresponds to circular
orbits, while ϵ → 1 gives purely radial motion with no angular momentum.

The parametric equation determining the elliptical orbit can be written in the
form

r(θ) = α

1 + ϵ cos(θ)
where α = L2

µKe2 = a(1 − ϵ2) (17.39)

Using this expression, one finds that the distances of closest and furthest
approachÍ are given by

rmin = a(1 − ϵ) and rmax = a(1 + ϵ) (17.40)

The period of the orbit, τ , is given in terms of the semimajor axis via Kepler’s
third law, namely

τ 2 =
(

4π2µ

Ke2

)

a3 (17.41)

We can now use the corresponding quantum results, namely

E = En = −Ke2

2a0

1

n2 and L2 = l(l + 1)!2 (17.42)

to see that a = a0n2 is the semimajor axis; the facts that (i) the classical energy
for the Kepler problem depends only on the value of the semimajor axis a (via
Eqn. (17.37)) while (ii) the quantum energy depends only on n, are obviously
related.

The “effective potential” in which the electron moves is then

Veff (r) = −Ke2

r
+ l(l + 1)!2

2µr
(17.43)

and is shown in Fig.17.4 for (n, l) equal to (20, 19), (20, 15), and (20, 0) to
illustrate the classical turning points of the motion.

We can use Eqns (17.37) and (17.38) to show that

ϵ2 = 1 − l(l + 1)

n2 (17.44)

Í In this context, these classical radii might be called “peri-nucleus” and “apo-nucleus” respectively, by
analogy with“perigee/perihelion”and“apogee/aphelion”for the corresponding quantities for earth/solar
orbit.
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using V (r) = −Ke2/r ; the scaling with Z for ions is easily obtained.

The trajectories for bound state motion (i.e. for E < 0) consist of elliptical
paths as in Fig. 17.3 with the center-of-mass at one focus (labeled F); circular
orbits are a special case. (The case of unbound motion where E > 0, which is
of relevance to scattering problems, gives rise to hyperbolic orbits which can be
studied in a similar fashion.) The semimajor and semiminor axes, a and b, are
given in terms of the energy and angular momentum via

|E| = Ke2

2a
= L2

2µb2 (17.37)

Figure 17.3. Definition of parameters for elliptical orbits.

b

F

a

e a

rmax rmin

Ì For a concise treatment, see Barger and Olsson (1995).
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where µ is the reduced mass. They are also related by

b = a
√

1 − ϵ2 or ϵ2 = 1 − b2

a2 = 1 − 2L2|E|
µ(Ke2)2 (17.38)

where ϵ is the eccentricity of the elliptical orbit; ϵ = 0 corresponds to circular
orbits, while ϵ → 1 gives purely radial motion with no angular momentum.

The parametric equation determining the elliptical orbit can be written in the
form

r(θ) = α

1 + ϵ cos(θ)
where α = L2

µKe2 = a(1 − ϵ2) (17.39)

Using this expression, one finds that the distances of closest and furthest
approachÍ are given by

rmin = a(1 − ϵ) and rmax = a(1 + ϵ) (17.40)

The period of the orbit, τ , is given in terms of the semimajor axis via Kepler’s
third law, namely

τ 2 =
(

4π2µ

Ke2

)

a3 (17.41)

We can now use the corresponding quantum results, namely

E = En = −Ke2

2a0

1

n2 and L2 = l(l + 1)!2 (17.42)

to see that a = a0n2 is the semimajor axis; the facts that (i) the classical energy
for the Kepler problem depends only on the value of the semimajor axis a (via
Eqn. (17.37)) while (ii) the quantum energy depends only on n, are obviously
related.

The “effective potential” in which the electron moves is then

Veff (r) = −Ke2

r
+ l(l + 1)!2

2µr
(17.43)

and is shown in Fig.17.4 for (n, l) equal to (20, 19), (20, 15), and (20, 0) to
illustrate the classical turning points of the motion.

We can use Eqns (17.37) and (17.38) to show that

ϵ2 = 1 − l(l + 1)

n2 (17.44)

Í In this context, these classical radii might be called “peri-nucleus” and “apo-nucleus” respectively, by
analogy with“perigee/perihelion”and“apogee/aphelion”for the corresponding quantities for earth/solar
orbit.
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Figure 17.1. Part of the energy spectrum for hydrogen-like atoms; the energies correspond to −E0 =
−µc2(Zα)2/2. Standard spectroscopic notation is used for the various angular momentum states, and the
degeneracies of each level are also shown.

in terms of fundamental constants of nature; Eqn. (17.14) also explicitly
exhibits the dependence on the nuclear charge and mass.

• When written as

En = −1

2
µ

(

Zαc

n

)2

= −1

2
µv2 (17.16)

it shows that the magnitude of the typical velocity is given by v ∼ c(Zα/n),
which, in turn, sets the scale for when relativistic effects become important.

The energy spectrum is illustrated in Fig. 17.1 in such a way as to emphasize that
the energy levels do not depend on the angular momentum quantum number
l (as, for example, in Fig. 15.9 for the two-dimensional circular well) but only
on n.

The radial wavefunctions are written in terms of the variable ρ, which we can
now express in the form

ρ =
(

8µ|E|
!2

)1/2

r =
(

2Z

na0

)

r (17.17)

where we have defined the Bohr radius via

a0 = !2

meKe2 = !

mecα
≈ 0.529 Å (17.18)

nr = 0

` = n� 1
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Figure 17.4. Effective potential for n = 20 and various l values; the dashed horizontal line shows the
n = 20 energy level, and the intersections with Veff (r) give the classical turning points.

Classical circular motion corresponds to having no nodes in the radial
wavefunction (nr = 0) which gives l = n − 1 or

ϵ2 = 1

n
(17.45)

so that truly circular orbits are achieved only for n → ∞. The corresponding
quantum wavefunctions are given by Eqn. (17.27) as Rn,n−1 ∝ rn−1 e−r/na0 with
corresponding probability density for r given by

P(r) ∝ r2 |Rn,n−1(r)|2 = r2n e−2r/na0 (17.46)

The maximum of this distribution is given by

dP(r)

dr
= 2n r2n−1e−r/na0 − 2

na0
r2ne−r/na0 = 0 or r = a0n2 (17.47)

This is just the classical radius for circular motion for this case, in which ϵ → 0
and rmax = rmin.

The classical probability distributions can also be derived by standard meth-
ods, and compared with the quantum results for any value of n and l . To do this,
we first write

E = 1

2
µv2 − Ke2

r
+ L2

2µr2 (17.48)
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第 章 中⼼势场

此时两体问题的定态薛定谔⽅程化为

Eψ = − h̄2

2(me +mN )
∇2
X⃗

︸!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!︸
氢原⼦⾃由运动 ĤX

ψ − h̄
2

2µ
∇2r⃗ψ −

Ze2

4πϵ0r
ψ

︸!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!︸
电⼦和原⼦核的相对运动 Ĥr⃗

.

波函数可以分解为氢原⼦整体运动部分（X⃗）和电⼦与原⼦核的相对运动部分（r⃗）

ψ(x⃗e, x⃗N ) = K(X⃗)ψr⃗(r⃗),

代⼊到两体问题的定态薛定谔⽅程中可得如下两个薛定谔⽅程

− h̄2

2(me +mN )
∇2
X⃗
K(x⃗) = EkK(X⃗),

− h̄
2

2µ
∇2r⃗ψr⃗ −

Ze2

4πϵ0r
ψr⃗ = Er⃗ψr⃗ ,

其中第 个⽅程就是我们前⾯讨论过的中⼼势场问题。两体问题的总能量为质⼼系统

的动能（Ek）和内能（Er⃗）之和：

Etotal = Ek + Er⃗ .

注意：内能依赖于两个粒⼦的约化质量 µ。以氢原⼦为例，

µ =
memN

me +mN
=me

mN

mN +me
≈me

(
1− me

mN
+ · · ·

)
.

另外⼀个例⼦是氢核和氘核（ ）：

氢核 : mp = 1836me =⇒ µpe = 0.99945me

氘核 : md = 3670me =⇒ µpe = 0.99973me.

如此⼩的约化质量差异已经可以通过光谱线实验来观测。在天⽂学是哪个，⼈们通过

观测氢原⼦和氘原⼦光谱线之间的相对强度来判断星际介质中氢原⼦和氘原⼦的相

对残留丰度。此信息有助于⼈们了解在宇宙演化早期时形成氘原⼦的条件。

氢原⼦

将氢原⼦波函数记作为

ψ(r,θ,φ) =
u(r)
r

Ym
ℓ (θ,φ),

则氢原⼦中电⼦的定态薛定谔⽅程为

d2

dr2
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