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Quantum Mechanics

Group operations represented by unitary operators (U) in a
linear vector space of state vector |a)

state vector transformation: |a) — o) = u |a)

operator transformation: 0 — 60 = uhu*

If system is symmetric under group, [H, u] =0

Of particular interest are symmetry groups with representation like

u(e) = e 205’

Generators of the group
infinitesimal & operators having quantum
parameters #'s as eigenvalues

Connection through ‘charge’ & conserved ‘current’

Q= [ () Oy () = 0




Quantum Field Theory

¢(x) is an operator
o — ¢ =udu’
=(1-i) €QNo(1+i)y Q)

J J

= =0+i) Q) ¢(v)
J
SO [Qj,gb(a:)] — 0 + symmetry + conservation

law

Note: often ugu™"' = exp(i » €/¢?)¢(x)

J
K eigenvalues of @’
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Internal Symmetry

- Symmetries whose transformation parameters do
not affect the point of space and time x

- It is more natural in QM and QFT. For example, the
phase of the wave function. Equation of Motion
(Dirac or Schrodinger), normalization condition are
invariant under the transformation:

U(z) = e“U(x)

- It implies the conservation of the probability
current.



Helisenberg Isospin Theory

- Assume the strong interaction are invariant under a group
of SU(2) transformation in which the proton and neutron
form a doublet N(x)

—

T are proportional to Pauli matrices

g are the three angles of a general rotation
In a three dimensional Euclidean space



Global Symmetry

X— X 4+ a

oy

A is trajectory of a free particle in the (x,y,z) system
A’ is also a possible trajectory of a free particle in the new system

The dynamics of free particles is invariant under
space translations by a constant vector



Gauge Transformation

The transformation parameters are functions
of the space-time point x

A free particle dynamics is not invariant under translations
in which a is replaced byd(z) .

X—= X + a(xp

For A” to be a trajectory, the particle must be subject to external forces



Symmetry= Force

Neither Dirac nor Schrodinger equation are
invariant under a local change of phase H(x)

Free Dirac Lagrangian

= U (x)(if) — m)¥(x)

IS not invariant under the transformation

U(2) = POV (z) m— 0,0

In order to restore invariance, we must modify free Dirac
Lagrangian such that it is no longer describe a free Dirac
Field.

Invariance under gauge symmetry leads to
the introduction of interactions.




Weyl's Gauge Transformation

Soon after GR was written by Einstein,
Weyl proposed a modification ...

He added invariance with respect to

a) ¢ =\ 5
) G = M) same \(z)phase
/ OA(z)

OxH

D) is the regular ambiguity required of EM potentials

a) is weird » ds* = g, dztdr” — \ds®

Lengths are
re-‘gauged’



Weyl's Gauge Transformation

- suggests an invariance even though space & time
can change over all space and time

- the mediator which holds the space-time structure
together would be the electromagnetic field

An early attempt to unity gravitation with electromagnetism
The brilliant idea did not work but the name stuck.

In 1927 London revived the idea ... but the symmetry isn't
the scale of space-time, rather the phase of the wave function.
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GGlobal versus Local

ses die

Global U(1) gauge Local U(1) gauge
transformation transformation
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): Global versus Local
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Global SU(2) gauge Local SU(2) gauge
transformatlon transformatlon



