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QED Lagrangian

The Lagrangian is

o 1 )
£:¢(WMDM_m)¢_Z u (1)
where iD* = i0* — e A* (charge of e™: e = —|e|) and
v = ogrAY — oY AM.
The equation of motion are
e Dirac equation
(iv" Dy —m)p =0, (2)
e Maxwell equation
O F" = eyt = ej”, (3)

where j¥ is current density.
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Gauge Theory

The Lagrangian is invariant under local gauge

transformation

ba) — @) (4
Ae) = Auo) = Duol), O

where a(x) depends on space-time .

Under the above local transformation, we know

that

o DHp(x) — ') Diap(x),
o B(x) — Pz)eio),

o MV — FHV

Since YDH), Yn) and FrYE,, are invariant, the

Lagrangian is invariant.
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Feynman Rules and Feynman Diagrams

: i m
Dirac propagator: . = == v +.2 ) ,
P P — e e
—iq,
Photon propagator: RN, = #
-—p p° + 1€
7
QED vertex: = iQev"
(QQ = —1 for an electron

>T — u*(p) (initial)
J—— =) (fna)
>_Ej =v*(p) (final)
W = ¢,(p) (initial)
MA =) (final)

External fermions:

R

(initial)
External antifermions:

External photons:
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S-matrix and Cross Section

e Given L, one can obtain H, and then construct S-
matrix element, which is denoted as M (scattering

amplitude).

e The probability is given by taking MTM = |M]|2.

Thus one can obtain the scattering cross section.

o We take ete™ — pTu~ as an example to calculate

the scattering cross section.
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— uTp~ scattering

Following the QED Feynman Rules, the invariant amplitude

P2 + ie

—iM = [ﬂ(pg) (ierﬁ) v(m)] [@(pz) (—ievﬁ) U(pl)] ,  (6)

where we take the muon charge as (2, and electron charge —1.
For an unpolarized e and e~ beam, one needs to average the
initial spins and sum over the final spins. So the amplitude square
IS

s mP? = C 3(pa)7 u(p3)a(p3)7r v (ps)
22 4

spin 4p spin

[ﬂ(pl)wv(pz)@(pz)wu(m)]

get 2
= (p1 ' P4P2 - P3 T P1 - P3P2 P4+ Myp] -p2) (7)
p
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ete™ — pTp~ scattering (2)

Specialize to the center of mass frame,

PHY905-004

> <
e+
ut
P1 — (anaan)
p2 — (E70707_E)
p3 = (E,|E|sin9,0,|£|c089)
p4a = (E,—|k|sin 0,0, —|k| cos 0)
2 2 2 2

p” = (p1+p2)” =(p3+py)” =4E" =5
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(9)
(10)
(11)

(12)



ete”™ — pTp~ scattering (3)

The differential cross section is

do do 1 |p3| 1Z
—_— o R p— M
dsl d cos 0d¢ 23 327r2 |p | 4 | |
spin
22
1k 2 a“Q°p 2 2 2
= = — (2 — 0), (13
23322E4Z| As (2= + 5 cos”0) . (13)

spin

2
€ —
where o = = and 3 =

The total cross section is

o = —dQ = - (14)

In the relativistic limit, m, < /s, 8 — 1. The differential
cross section will be

do a2Q2
aQ 4s

The total cross section will be

47ra2Q2
3s '

o= (16)
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