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Field localization, characterized by mode volume, is central to optics, photonics, and all light-matter interactions.
Smaller mode volumes amplify the electric field per photon, enhancing spontaneous emission, strengthening nonlinear
optical effects, and enabling strong coupling in cavity quantum electrodynamics. However, in lossless dielectric
systems, the diffraction limit has long been considered an unbreakable barrier to light confinement. Here, we uncover
a novel class of wavefunctions—narwhal-shaped wavefunctions—and reveal their pivotal role in enabling extreme
light confinement in lossless dielectrics across all spatial dimensions. Through rigorous theoretical analysis,
simulations, and experimental validation, we propose and realize a three-dimensional singular cavity supported by
these wavefunctions, achieving an ultrasmall mode volume of 5x1077 A* (A: free-space wavelength). Our findings open
new frontiers for unprecedented control over light—matter interactions at the smallest possible scales.

Introduction—In 1927, Dirac’s revolutionary
quantization of the electromagnetic field redefined our
understanding of light, demonstrating that each
electromagnetic mode can be treated as a quantum
harmonic oscillator confined within a finite cavity [1].
By defining a quantization volume, electromagnetic
modes become discrete and normalized, with their
energy quanta directly interpreted as photons. This
framework not only bridges the gap between quantized
field modes and photonic excitations but also
establishes the critical role of mode volume: smaller
mode volumes amplify the electric field per photon,
thereby enhancing light-matter interactions. These
principles form the cornerstone of cavity quantum
electrodynamics [2—6], drive the evolution of
advanced photonic technologies [7-40], and fuel the
progression of modern quantum optics [41-43].

Despite these advances, photonic devices
continue to lag behind their electronic counterparts in
terms of integration density and spatial resolution—a
disparity rooted in the optical diffraction limit. In the
visible and near-infrared regimes, the wavelength of
photons is approximately three orders of magnitude
larger than the de Broglie wavelength of electrons in
electronic devices. This discrepancy imposes a
fundamental constraint: the smallest achievable
photonic mode volume is roughly nine orders of
magnitude larger than the corresponding volume for
electrons—nearly a billion times greater. Plasmonics
has provided a means to overcome this diffraction
limit, enabling significant breakthroughs in sensing,
imaging, and on-chip photonics [7-19]. However, the
unavoidable ohmic losses of metals remain a severe
bottleneck, limiting their performance and scalability
[17,44-45].
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Achieving extreme photon confinement in a
lossless system is essential for advancing photonic
integration and imaging capabilities. Such a
breakthrough ~ would  enable  transformative
applications that demand precise nanoscale control of
light, including the optical observation of
biomolecular structures such as DNA and the
development of large-scale photonic integrated
circuits with significantly enhanced processing speeds
and efficiencies. Overcoming this challenge requires
addressing a key limitation: achieving sub-diffraction-
limited confinement in a lossless dielectric system.

Recent theoretical [20], simulation, and
experimental progress [20-25] has introduced an
emerging frontier in photonics: sub-diffraction-limited
dielectric photonics. The singular dispersion equation,
discovered for lossless dielectric materials, reveals
power-law divergent wavefunctions capable of
achieving sub-diffraction confinement [20]. However,
these wavefunctions remain experimentally unverified,
and their confinement is fundamentally restricted to
two spatial dimensions, falling short of achieving full
three-dimensional  confinement. Resolving this
challenge presents a compelling opportunity to
advance photonics, with the potential to unlock
unprecedented capabilities in light manipulation and
device performance.

In this work, we propose and experimentally
demonstrate a three-dimensional singular dispersion
equation that enables  sub-diffraction-limited
electromagnetic field confinement within dielectric
singular cavities. Our cavity design integrates a
dielectric biconical antenna within a twisted lattice
architecture, producing distinctive narwhal-shaped
wavefunctions. These wavefunctions exhibit a power-



achieve an unprecedented mode volume of just 5x1077
23 (where 1 is the free-space wavelength), surpassing
the previously reported two dimensional benchmark
by nearly three orders of magnitude [20, 23-25].

law divergence at their core, combined with a rapid
exponential decay, allowing the field to be sharply
confined in all three spatial dimensions and
significantly reducing the mode volume (Fig. 1).
Through comprehensive full-wave electromagnetic
simulations and direct experimental validation, we
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FIG. 1. Narwhal-shaped wavefunction. The mode volume describes how far an optical mode extends in space;
minimizing it requires rapid decay of the electric field. We propose a hybrid wavefunction that transitions from a
power-law profile near its peak intensity to an exponential tail. Although a Gaussian function decays rapidly at large
distances, its relatively gentle slope near the peak impedes field attenuation. By contrast, a power-law profile steepens
as one moves closer to the center, producing a faster drop-off near the maximum. Merging these behaviors ensures
swift decay throughout the spatial domain, significantly reducing the mode volume. Because its shape resembles a
narwhal’s head, we term it the narwhal-shaped wavefunction. (a) Log-scale intensity distribution of a narwhal-shaped
wavefunction. (b) Log-scale comparison between a Gaussian function and a power function. Because the power-law
function diverges when integrated over the entire spatial domain, it cannot serve as an eigen-wavefunction on its own.
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Three-dimensional singular field—We find that a
dielectric biconical antenna supports a three-
dimensional singular field, which rapidly diverges
following a power law in all spatial dimensions as it
approaches the apex singularity of the conical
dielectric structures. Near the singularity (where
kor < 1, with ko being the free space wavevector and
r representing the distance from the apices in spherical
coordinates), the eigen-wavefunction is given by Eg =

Csr'0(6, @), where C, is a constant, [ is a constant
between 0 and 1, ©(6, @) is a function of the spherical
coordinate angles 8 and ¢.

This three-dimensional singular field indicates
that the electric field varies with the distance r from
the singularity following a power law with exponent [
in any spatial direction defined by the angles 6 and ¢.
This scaling law allows the electric field to vary by
several orders of magnitude within a subwavelength



range (Fig. 1), serving as a fundamental mechanism
for overcoming the optical diffraction limit in
dielectric systems.

As r approaches zero, the electric field tends to
infinity. This divergence in dielectric systems
corresponds to the divergence of the mode wavevector.
For any polarization component of the electric field,
we can use a position-dependent wavevector by
rewriting E(r,8, ) = eX"09T a5 E(r,0,¢) =
el [k(r8.0)dr Thig approach allows us to capture the
wavevector associated with the power-law behavior
and derive the corresponding dispersion equation. The
power-function-scaled electric field causes all
wavevector components to diverge with a factor of 7%,
and the resulting dispersion equation is,

T 1/
(ik,) +k9+k(p—1(§+;>(1kr)—1;(%+c0t9>k9

—i———k, =0,
' sing dp ¢
where ik,, kg, and k,, are wavevectors along -, 6-,
and ¢-directions, respectively, k,. is a real number.

Among the three wavevector components, the r-
component is purely imaginary, analogous to the
imaginary transverse wavevector in plasmonics but
free from metallic losses. As r—0, this component

diverges, reflecting a field that decays rapidly as r
increases in any direction. This divergence drives all
wavevector components governed by the dispersion
equation to approach infinity, thereby enabling the
electric field to achieve extraordinary localization in
real space across all spatial dimensions.

Narwhal-shaped — wavefunction—The  mode
volume quantifies the effective spatial region in which
a given optical mode is confined. It is determined by
integrating the electric energy density over all space
and normalizing by the maximum value. Minimizing
this volume requires the electric field to decay quickly
from its peak, thereby concentrating the mode within
a smaller region and enhancing the peak energy
density.

Most optical modes follow a Gaussian-like
2

electric field intensity profile, I(x) = Iyexp (— ;7),
where I is the maximum intensity (located at x=0),
and o characterizes the width of the mode profile
(black curve in Fig. 1(b)). The relative rate of change
of the intensity is |%| = l;—zl (black curve in Fig.
1(c)). This expression shows that the relative rate of
change increases as the distance (|x|) from the point
of maximum intensity grows. However, near the

region of maximum intensity, the relative rate of
change is smaller, becoming zero exactly at the peak
intensity (x=0). By comparison, an exponentially
decaying evanescent wave has a position-independent
(constant) relative rate of change, likewise restricting
its effectiveness for minimizing mode volume.

To minimize the mode volume, a new
wavefunction must be developed that maintains a high
relative rate of change both near and far from the
intensity peak. While Gaussian profiles exhibit rapid
decay away from the center, their relative rate of
change near the maximum is too low. In contrast,
power-law functions (e.g., |[E?« r~2!) have a relative

21 S
change rate of - which increases as r decreases,

resulting in faster intensity variation closer to the peak
(red curves in Fig. 1(b) and 1(c)). However, the power-
law function cannot be used as an eigen-wavefunction
alone, as it diverges when integrated over the entire
spatial domain.

We thus propose a novel hybrid wavefunction
that transitions from a power-law form around the
peak to an exponential tail at larger distances
(Fig. 1(a)). By ensuring rapid decay from the high-
intensity core to the far field, this hybrid profile
significantly reduces the overall mode volume.
Because of its resemblance to a narwhal’s head, we
term it the narwhal-shaped wavefunction.

Experimental characterization of narwhal-
shaped wavefunction—We have developed a three-
dimensional singular dielectric cavity operating in the
microwave band (~1.3 GHz), enabling precise, direct,
three-dimensional measurements of its eigen-
wavefunction. Figure 2(a) shows the singular
dielectric cavity, which comprises a three-dimensional
biconical antenna and a twisted lattice cavity. Both
components are made of dielectric materials: the
twisted lattice cavity is formed from aluminum oxide,
while the biconical antenna is fabricated from
zirconium oxide.

In the twisted lattice cavity, the twist angle is
3.89°, and the lattice constant for both sets of identical
photonic graphene lattices is 100 mm (~4/2). The
biconical antenna is composed of two zirconium oxide
cones, separated by an air gap of approximately 0.02
mm (~9x103 1), enabling extreme electromagnetic
field localization at the singularity. Zirconium oxide
was selected for its higher dielectric constant, which
increases the power-law exponent [, thereby
amplifying the rate of change of the electric field in
regions governed by the power-law profile.
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FIG. 2. Experimental characterization of a three-dimensional narwhal-shaped wavefunction. (a) Photograph of a
singular dielectric cavity supporting a three-dimensional narwhal-shaped wavefunction. The cavity incorporates a
biconical antenna and a twisted-lattice structure. Bottom insets: enlarged views of the biconical antenna region. (b)
Three-dimensional full-wave simulation of the cavity’s eigen-wavefunction, showing the mode’s 3D intensity
distribution along with its 2D projections on the x—y, x—z, and y—z planes. (c)-(¢) Cross-sectional intensity profiles
taken through the singularity in each 2D projection. Solid lines: simulation results; dots: experimental measurements;
dashed lines: Gaussian (c), (d) and exponential (e) functions for reference. The green-shaded regions indicate where

the electric field decays exponentially.

Figures 2(b)-2(e) shows both the three-
dimensional full-wave simulated and experimentally
measured sub-diffraction-limited wavefunctions of the
cavity. Figure 2(b) highlights the mode’s three-
dimensional intensity distribution, along with two-
dimensional projections onto the x—y, x—z, and y—z
planes. Figures 2(c)-2(e) further presents cross-

sectional intensity profiles (lines) taken through the
singularity in each of the three projected intensity
distributions, alongside the corresponding
experimental results (dots). All three cross sections
exhibit a distinct narwhal-shaped profile, and the
experimentally measured intensity distribution
matches well with the simulation.
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FIG. 3. Simulated and experimentally measured
electric field intensity near the singularity. (a)
Simulated electric field distribution of the narwhal-
shaped wavefunction in the x—y plane at z=0. (b)
Comparison of simulated and experimentally
measured electric field intensities at y=0 in (a). The
electric field intensities are measured at z=0.0024, as
the probe cannot reach z=0. (c) Simulated electric field
distribution in the x—z plane at y=0. (d) Comparison of
simulated and experimentally measured electric field
intensities at x=0 in (c¢). Due to measurement
limitations, the z-directed electric field is only
recorded above the cavity (z>0), with values below
(z<0) extrapolated from symmetry for reference.

Figure 3 compares the simulated and
experimentally measured electric field intensity and
phase distributions near the singularity. As shown in
Figs. 3(b) and 3(d), the field intensity peaks at the
singularity and decays outward following a power law
of approximately 7%, in excellent agreement with the
simulations. This strongly localized field, which
exhibits a power-law decay in all spatial directions,
arises from the diverging imaginary radial wavevector.

In the two-dimensional cross section of this three-
dimensional field, the phase varies sharply near r=0
along the ¢-direction, indicating a diverging angular
wavevector k, (Fig. 4). Such rapid angular phase
variation (diverging real angular wavevector) causes
the pronounced radial field decay (imaginary radial
wavevector), consistent with the dispersion equation.
Figure 4(b) shows the directly measured phase shift
around the singularity, again in excellent agreement
with the simulations. Due to the unique narwhal-
shaped wavefunction, the mode volume of the singular
dielectric cavity is minimized. Three-dimensional full-
wave simulations indicate that its mode volume is
5x107 23, exceeding that of previously reported two-

dimensional singular cavities by nearly three orders of
magnitude [20, 23-25].
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FIG. 4. Simulated and experimentally measured
electric field phase distributions near the singularity.
(a) Simulated phase distribution of the narwhal-shaped
wavefunction in the x—z plane at »=0.021. (b)
Comparison of simulated and experimentally
measured phases along the dashed line in (a).

Conclusion—In this work, we establish the
foundational framework for sub-diffraction-limited
dielectric photonics across all spatial dimensions. First,
we introduce and experimentally validate a three-
dimensional singular dispersion equation that enables
the confinement of electromagnetic fields within
dielectric singular cavities, operating below the
diffraction limit in every spatial dimension. Second,
we reveal that this exceptional confinement results
from the unique narwhal-shaped wavefunction of
dielectric singular fields, which exhibits a power-law
decay near the point of maximum intensity and
transitions to an exponential profile at larger distances.
This hybrid wavefunction facilitates the rapid decay of
the electric field from the peak intensity point
throughout the spatial volume, effectively minimizing
the mode volume. Third, we present the first direct
experimental measurement of the wavefunction in a
sub-diffraction-limited singular cavity, mapping the
electric field distribution across the entire spatial
domain. Our work enables the realization of photonic
devices with exceptionally small mode volumes in
lossless dielectric  systems, offering significant
promise for applications spanning physics, chemistry,
biology, and engineering.
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